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Abstract

Introductory statistics courses and conventional methods in behavioral and cognitive science are typi-
cally restricted to Euclidean space without explicitly stating this, leaving many researchers unaware of
how to handle data with circular or periodic properties (e.g., time of day or orientation on a screen).
This tutorial provides an accessible yet rigorous introduction, designed to bridge the gap between statis-
tical theory and practical application. After discussing different ways of representing circular data mathe-
matically and fundamental principles for working with them, we explain angular and vector representations
and operations, including key considerations for implementing them in computer code. We then survey
methods for visualizing circular data, including linear and polar plots and presentation of summary
statistics. Next, we introduce circular measures of central tendency, dispersion, and shape: how they
relate to their Euclidean counterparts and why they differ. Finally, we turn to more advanced topics
of the kind needed to construct models of circular data. We introduce the most common circular dis-
tribution families, including circular analogs of the Gaussian distribution and their properties, as well
as flexible distribution families that can describe skewed and heavy-tailed data. We survey common
applications in the supplemental materials. The tutorial takes a method-oriented approach, not tied to
specific software, but highlighting factors relevant to experimental design, data analysis, and statistical
modeling. A consistent theme is the need to rigorously account for the periodicity of circular data.
We also provide a consistent notation for circular statistics and parameters, addressing the lack of

established conventions in the field.
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Translational Abstract

Many areas of behavioral and cognitive research involve circular data, such as periodic temporal data or
orientations in space. Yet researchers often apply “conventional” Euclidean statistical methods that can
distort conclusions. This tutorial is intended for researchers who are familiar with statistical measures
and distributions in Euclidean space and want to understand their circular equivalents. It is also suitable
for readers who want to refresh their knowledge of circular statistics or deepen their understanding of
more advanced topics related to circular data. We start by introducing different ways of representing cir-
cular data and fundamental principles for operating with them, such as arithmetic operations. We then
discuss options for visualizing circular data, including the benefits and limitations of different represen-
tations. Afterward, we introduce descriptive circular measures of central tendency, spread, and shape of
empirical distributions, drawing parallels to the Euclidean analogs where helpful. The topics become
progressively more advanced, concluding with an introduction to a range of circular statistical models.
In this section, we also discuss circular analogs of the Gaussian (normal) distribution. In the supplemental
materials, we survey common applications of circular statistics, including spatial, temporal, and neural
data that are naturally periodic or can be reconceptualized as such. In contrast to many previous methodo-
logical publications on circular statistics that emphasize statistical tests, this concise and hands-on tutorial
focuses on handling circular data in the context of behavioral and cognitive research, experimental design,
and statistical modeling. While being software-agnostic, the tutorial highlights common pitfalls to watch

out for during practical implementations.

Keywords: circular statistics, periodicity, behavior, cognition, experimental design

Supplemental materials: https://doi.org/10.1037/met0000861.supp

Mathematical training for biological and psychological scien-
tists typically focuses on the analysis of data in Euclidean spaces,
particularly measurements that can be described as points on the
real number line (referred to as R'; Figure 1A), or as coordinates
in a plane (R2) or in three-dimensional space (R3). However,
many biological and behavioral variables have a periodic or cyclical
nature that requires different methods of analysis. Measurements
in a circular space (denoted S') can be described by a single num-
ber (as on the real line), but moving far enough through the value
range in either direction returns you to the point where you started
(Figure 1B). Such a space is topologically equivalent to a closed
loop or circle and fundamentally different from the real line
(which stretches to infinity in either direction) or a bounded interval
(a section of the real line with two ends). A simple example of a cir-
cular space is the directions of a compass: If you describe directions
in terms of angles (e.g., measured clockwise from North), then 0°,
360°, and 720° all refer to the same direction, and the distance
between 0° and 359° is the same as the distance between 0° and 1°.
The topic of circular statistics describes methods for analyzing
random variables in circular spaces. It is a subset of directional

Figure 1
Value Ranges in One-Dimensional Euclidean and Circular Space
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Note. Comparison of the infinite line of real numbers in one-dimensional
Euclidean space (A) with the closed set of angles in circular space (B).

statistics, which extends to variables that can be represented as points

on a sphere (Sz, which includes directions in three-dimensional
space), and analogs in higher dimensions. This tutorial focuses on
methods for circular data, as they are widely applicable to behav-
ioral research and also provide a foundation for learning about
directional statistics more generally. For an introduction to higher-
dimensional directional statistics, refer to (Mardia & Jupp, 2009)
and Pewsey and Garcia-Portugués (2021).

This tutorial targets researchers who are familiar with statistical
measures and distributions in Euclidean space and want to understand
the corresponding circular equivalents. It develops progressively,
from the basic properties and operations needed to present and ana-
lyze circular data to more advanced concepts, including the founda-
tions for formal generative models that output circular variables.

Conventions for mathematical notation in circular statistics are
less standardized than in Euclidean statistics. In cases where there
is a strong convention, we have followed it, but for cases where
there is not, we have developed a notation (Table 1 and Appendix A)
that aims to be clear and self-consistent, although it should not be

Table 1
List of Symbols for Circular Sample and Population Parameters
Parameter Sample Population
Circular mean 0 H
Circular median Omed Wined
Circular mode Omode Himode
Circular variance Ve Vo
Circular standard deviation So (o1}
Circular skewness S1p Y1o
Circular kurtosis o Y20
Resultant vector
pth circular moment of a population m, m,
Mean resultant vector mi my
Resultant length R
Mean resultant length R p
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regarded as canonical. Our goal is to give a concise introduction to
circular statistics that allows readers to get started with employing
them in research involving circular data. For a thorough theoretical
introduction to the topic including mathematical derivations and
proofs, we recommend Mardia and Jupp (2009). This tutorial will
not cover significance tests for circular variables, as there are
numerous other sources for these (e.g., Cremers et al., 2021; Pew-
sey & Garcia-Portugués, 2021, Chapter 5). If readers want to get
an overview of the wide range of applications of circular statistics
in behavioral and cognitive research before beginning the tutorial,
we recommend reading the supplemental materials on applications
first (placed there to meet publication length restrictions). The pub-
lications cited in this supplemental material may also help orient
the reader to how circular statistics can be applied to specific topics
and types of data later on.

We will begin the tutorial by introducing key characteristics of
circular data, different ways of conceptualizing circular values and
describing them numerically, and elementary operations on circu-
lar variables (Working With Circular Data section). The Visualiza-
tions of Circular Data section will provide a brief overview on
visually presenting circular data. For an extended discussion of
approaches to visualizing circular data, the methodology behind
them, and practical guidance for implementing them, see the
supplemental materials.

The Descriptive Statistics of Circular Data section will cover the
most important statistical measures for circular data, including ana-
logs of mean and variance, and why they differ from their better-
known Euclidean counterparts. We will then explore circular statis-
tical models (Probability Theory and Models for Circular Variables
section), including the vexed question of circular equivalents to the
normal distribution, and concepts of importance to constructing
ideal observer and Bayesian models. We will conclude with an
overview of further topics in circular statistics that fall outside the
scope of this tutorial, providing references to the most useful sour-
ces (Beyond This Tutorial section).

Working With Circular Data

In this section, we describe the fundamental characteristics of
circular data to provide the foundation for subsequent sections.
We explain the advantages of describing circular values as vectors
of unit length in a two-dimensional plane and three standard forms
of this vector representation: in polar coordinates, Cartesian coor-
dinates, and on the complex plane. There is no universally correct
choice for representing a given circular data set; the optimal repre-
sentation depends on the context and purpose of the analysis. For
instance, angular measurements are often more intuitive for data
visualization. If the methods described here are correctly applied,
conclusions drawn from circular data will remain valid regardless
of the chosen representation.

Identifying the Periodicity of Data

Finding the appropriate cycle length requires careful considera-
tion, as an unsuitable choice might bias results. One cycle needs to
contain every distinct point in the space of possible data values
exactly once. Points that are separated by a whole number of
cycles must be identical or at least equivalent for the purpose of
the analysis. Selecting too narrow a period risks obscuring

important aspects of the data by treating data points as equivalent
when they are not: For instance, if temporal data are analyzed on a
daily level, but they actually display weekly rhythms. On the other
hand, selecting too wide a period will mean the periodic nature of
the data is not properly accounted for. Liu and West (2016) dis-
cuss a method for identifying an appropriate cycle length for circu-
lar analysis of temporal data.

Particular care is needed when working with data that in their
raw form are angular or directional, because the appropriate pe-
riod for circular analysis may not correspond to 360° in the units
of the data. If we rotate the black shape in Figure 2A around the
black dot in its center, we will need to rotate 360° before it looks
the same again. This stimulus therefore has no (or onefold) rota-
tional symmetry, and the circular space of its orientations has a
period of 360°. The shape in Figure 2B, in contrast, will first
look identical after being rotated through 180° and again every
subsequent 180° of rotation. This shape therefore displays two-
fold rotational symmetry. Analogously, Figures 2C and 2D show
shapes with three- and fourfold symmetry. For shapes with two-
fold or higher rotational symmetry, the full space of possible ori-
entations covers less than 360°. It is this smaller period that must
be mapped to the full circle for the purposes of circular analysis,
and as this will typically be measured in angular units, it is im-
portant to keep clear the distinction between the angles of physi-
cal orientation and the angles in the circular space of possible
values. To illustrate, Figure 2E shows the orientations corre-
sponding to the cardinal points in the circular space for an object
with onefold rotational symmetry (top) and twofold rotational
symmetry (bottom). Further care is needed in reporting the
results of circular analysis of such data to make clear whether
they are in the units of the circular space or of the original data.
Figures 2F-21 show examples of common experimental stimuli
used in vision research with one-, two-, three-, and fourfold sym-
metry, respectively.

Representations of Circular Data

Having identified the periodicity of our circular data, we can
map each observation to its corresponding angle or phase, indicat-
ing where it falls within one full period or cycle. This requires us
to select a data value that will correspond to an angle of 0 and a
direction in the data space that will correspond to the positive
direction of increasing angle. In some cases, these choices are
obvious (e.g., for temporal data with a period of 1 day, one would
usually assign 12 o’clock midnight to the zero angle and increas-
ing positive angular values to later times in the day), but in others,
they may be arbitrary, or the researcher may have to choose
between several viable alternatives.

Angles are typically measured in degrees (°), in which case one
cycle covers a range of 360°, or radians (rad), in which case (for
the reasons explained in the following) one cycle covers 2m
(=~ 6.28) rad. As discussed previously, for data consisting of direc-
tions or orientations in space, the angular units of the circular
space may differ from those of the raw data. The units in which
angular values are reported are a matter of choice, subject to con-
ventions of the field, but some mathematical operations are simpli-
fied by using radians. To convert an angle in degrees to radians,
multiply by the ratio 1g; and divide by the same ratio to convert
the other way. Lowercase Greek letters, typically 0 (theta), ¢
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Figure 2
Rotational Symmetries in Circular Space

270

Note. (A-D) Abstract stimuli with no or onefold (A), twofold (B), threefold (C), and fourfold
(D) rotational symmetry. Black dots show the points around which the stimuli can be rotated;
symmetry axes are perpendicular to the page passing through these points. Red arrows indicate
one complete rotation in the space of possibilities. (E) Cardinal angles in the circular space of
possible orientations marked with corresponding physical rotations in degrees for shapes with
onefold (top) and twofold (bottom) rotational symmetry. (F-I) Sample stimuli used in percep-
tual and memory research. (F) Oval-cropped face with onefold (i.e., no) rotational symmetry.
Image from Mitre-Ortiz and Mitre-Hernandez (2019). (G) Gabor patch with twofold symmetry.
(H) Radial frequency pattern with a frequency of three cycles per 360° (threefold symmetry)
and an amplitude of 50%. Stimuli with different amplitudes can be used to manipulate percep-
tual and mnemonic discriminability. (I) Fixation cross used for gaze stabilization, with fourfold
rotational symmetry. See the online article for the color version of this figure.

225°

H |
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(phi), or \ (psi), are often used for angular variables in a similar
way to x or y for Euclidean variables. Similarly, uppercase Greek
letters—® (Theta), ® (Phi), or ¥ (Psi)—are often used for sets or
collections of elements analogous to X or Y in Euclidean space.
Representing circular data as angles provides a common frame-
work in which to describe and work with different kinds of periodic

data. However, for many of the calculations we will want to per-
form on circular data, a vector representation (i.e., one combining
angle and distance) turns out to be even more powerful. There are
three mathematically equivalent ways to represent such a vector,
summarized in Figure 3, and each offers distinct advantages
depending on the context of application.

Figure 3
Representations of Circular Data on the Unit Circle
Polar Cartesian Complex
v Im
90° | 11t rad :
L 0.1 ;
A
(¢ =1.0) & [x.31= [cos(0), sin®)] _~zox(0) = ¢ = cos(0) + isin(6)
% %
3| D% N
HEON “Ne
0 rad 0 rad
180° 0° \ Re

Ttrad

270°

Note.

3
5T rad

0 rad

[-1,0]

[0.—1]

Three mathematically equivalent vector representations of the same circular value 0: the polar vector representation (left), the Cartesian vec-

tor representation (middle), and the complex vector representation (right). Representations are shown on the unit circle with radius 1. For the polar
representation, cardinal angles are annotated in radians (rad) and degrees (°). Note that it is a mathematical convention to plot circular data with the
zero reference point on the right side of the horizontal axis and a counterclockwise sense of rotation. The angle of 0 rad corresponds to an arc length
0 on the circumference of the circle. The circumference of the circle is 2, and a full rotation corresponds to 27 rad and 360°. In both Cartesian and
complex space, a unit vector (or point on the unit circle) at angle 0 has horizontal and vertical components sin(6) and cos(6), respectively. See the
online article for the color version of this figure.
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Polar Coordinates

Representing a circular value in polar coordinates simply involves
supplementing the angular representation of data, 0, with a distance
or norm, r, resulting in the polar coordinate pair (r, ). By conven-
tion, the norm is set to 1, giving (1,0). Now each observation is
identified not just with a direction but also with a specific point in
the two-dimensional plane, and the space of all possible observa-
tions is described by a circle of unit radius. Technically, this is an
embedding of the circular space (S in the real plane (R?). We can
now appreciate the basis for radian units: an angle of X rad corre-
sponds to a distance X measured on the circumference of the circle,
with a full period corresponding to the full circumference of 2rt. The
polar vector representation is illustrated in the left panel of Figure 3.

Cartesian Coordinates

We can also describe circular observations as vectors in a Carte-
sian coordinate system, with origin O and two perpendicular axes,
X and Y, passing through O. By convention, the 0° direction is posi-
tive on the x-axis. In this reference frame, any point on the plane
can be represented as a pair of rectangular coordinates [x, y], with
unit vectors constrained to have x> + y> = 1. Compared with a po-
lar representation, this simplifies vector operations (which are used
to define statistics like the circular mean; see the Descriptive Statis-
tics of Circular Data section). For example, addition of two vectors
simply involves pairwise addition of their Cartesian coordinates.
On the other hand, it makes angular operations, such as adding two
angles together, more difficult. The Cartesian vector representation
is the most easily extended to higher-dimensional directional statis-
tics. For example, spherical data can be represented by unit vectors
in three dimensions, described in [x, y, z] coordinates.

To convert from polar coordinates to Cartesian coordinates, we
use the trigonometric functions sine and cosine. For a vector with
polar representation (r,0), the corresponding Cartesian coordi-
nates are

[x,y] = [rcos(0), rsin(0)], e))

and for the inverse,

(r,0) = (\/x2 + 2, atanZ(y,x))7 )

where atan2 is the two-argument arctangent function. These trigo-
nometric functions are available in most programming languages
and typically default to using radians as angular units, with atan2
usually returning angles in the range —n < 6 = rt rad. The Carte-
sian vector representation is illustrated in the middle panel of
Figure 3.

Complex Coordinates

Finally, each data point can be represented by a unit complex

number, z, interpreted as a vector in the complex plane (Ch). The
angle 0, measured in radians, and the unit complex number z are
related by Euler’s formula:

z = ¢ = cos(0) +isin(0), 3)

where i = v/—1 is the imaginary unit. Note that we write the
imaginary unit as i denoted in upright Roman to distinguish it

from the indexing variables i denoted in italics within the later
equations (e.g., summing from i = 1 to n). While it may seem eso-
teric, the complex vector representation of circular observations
allows for particularly compact descriptions of both angular and
vector operations, as will become clear in subsequent sections.

The complex plane is usually depicted with the horizontal axis
as the real component, whereas the vertical axis represents the
imaginary component. The unit complex number ¢! evaluates to 1
at 6 = 0, then moves into the upper half-plane as 6 grows, tracing
the unit circle counterclockwise. This is the basis of the mathemat-
ical convention of plotting circular data with the zero reference
point on the right side of the horizontal axis and a counterclock-
wise sense of rotation (see Figure 3), a convention we follow in
this tutorial. Nonetheless, many fields deviate from this standard,
adopting domain-specific conventions to facilitate data interpreta-
tion (e.g., in meteorology, with North = 0° plotted up and clock-
wise rotation). A Cartesian coordinate [x, y] corresponds to a
complex coordinate z = x + iy. A polar coordinate (r,0) can be
converted to a complex coordinate by either z = re'® or equiva-
lently z = r(cos(0) + isin(0)). The complex vector representation
is illustrated in the right panel of Figure 3.

Periodicity, Wrapping, and the Modulo Operation

As described previously, the defining characteristic of circular
data is its inherent periodicity, meaning that measurements that
differ by a whole number of cycles are considered equivalent. This
property fundamentally distinguishes circular from Euclidean
space, where proximity and ordering follow conventional numeri-
cal relationships. For example, in Euclidean space, 1 is always
closer to 3 than 10. In circular spaces, values that may appear
numerically distant can in fact be close, for example, 1° and 359°
differ by only 2° because 1° and 361° are equivalent angles.

While conceptually any observation in a circular space can be
represented by infinitely many angular values, differing by whole
numbers of cycles, for practical purposes, it is usually constrained
to one unique value within a specific periodic interval. According
to the mathematical convention, angular values are constrained to
a positive interval [0,2n) rad. Note that the square bracket indi-
cates the inclusion of the lower bound and the round bracket the
exclusion of the upper bound. This specification ensures that the
same point is not included twice, which would occur if both
bounds were closed, that is, with this definition, an observation
can be assigned to 0 but not 2.

The term “wrapping” is often used for the process of mapping
circular observations to their representative values within a speci-
fied interval (imagine wrapping the real number line around the
unit circle, like winding thread onto a bobbin). The process of
wrapping angle 0 to the interval [0, 21t) can be described by a mod-
ulo operation,

Owrapped = O mod 2, )

where a mod b is the least nonnegative residue of a modulo b, that
is, the smallest number = 0 that can be obtained by subtracting an
integer multiple of b from a.

An alternative convention is to constrain angular values to the
symmetric signed interval [—m, 1), centered on 0. For this, the
wrapping operation is
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Owrapped = ((6 + ) mod 21t) — 7. 5)

The same operations can be used to convert angles constrained
to one of these conventional intervals into the other. Importantly,
these operations preserve the circular topology so that individual
observations are not shifted relative to one another; only their nu-
merical representation is changed.

Using the signed interval [—=, 1) can facilitate data interpreta-
tion and visualization when investigating signed deviations or
errors relative to a reference angle (see, e.g., Figure S1D in the
supplemental materials on applications) or other observations
that tend to cluster around 0. It is also the convention for certain
sources of angular data. For example, in sound localization
tasks, azimuthal (horizontal) directions are represented with O
corresponding to the listener’s frontal midline and positive val-
ues indicating deviations to the listener’s right-hand side.

Most programming languages have a built-in modulo function,
but, importantly, the implementation for negative inputs fre-
quently differs from the least nonnegative residue assumed pre-
viously. As of the software versions available at the time of
writing (MATLAB R2026a, R-4.6.1, Python 3.14.7, NumPy
2.5.2, ES2026, C++23), MATLAB’s mod (a,b), R’s a%%b,
and Python’s a%b or numpy .mod (a, b) all return a result with
the same sign as the divisor b. This is acceptable for wrapping
operations, because the divisor is the length of the desired interval
(e.g., 2m) and so positive. In contrast, JavaScript’s a%b, C++’s
a%b and std: : fmod (a,b), and Python’s math. fmod (a,b)
return an output equivalent to —((—a) mod b) when a is negative.
One solution is to define your own mod function based on the
floor function, for example, in JavaScript:

functionmod(a,b) { return(a - b*Math.floor(a/b)) };

Alternatively, you can use the following sign-safe versions of
Equations 4 and 5, which produce acceptable results across pro-
gramming languages:

= ((dmod2m) +21) mod2n = Oyrappea € [0,27), (6)

eWrapped

= ((dmod2n) + 3m)mod2n) — = Byrapped € [—T0, 7).

N

ewrapped

Operations on Angles

When working with Euclidean variables, there exist many oper-
ations that map real numbers to other real numbers. By contrast,
for circular variables, the need to respect periodic equivalence
means there are very few operations that map angles to other
angles: Essentially, these are limited to addition, subtraction, and
multiplication by integer quantities (equivalent to repeated addi-
tion or subtraction). While it is possible to perform other opera-
tions on numerical representations of angles, the results will
depend on the particular interval you have chosen for representa-
tion. For instance, 0° and 360° refer to the same angle, but if you
attempt to divide them by 2, you will get 0° and 180°, which are
different angles.

Having specified a range of angles in which to represent circular
data, we will want to represent the results of angular addition and
subtraction within the same interval. Practically, this just means
applying a “wrapping” or modulo operation, as described previously,

after the usual arithmetic operation of addition or subtraction. A
familiar example of modular arithmetic is the hour hand on a
clock dial. If we subtract 2 hours from 1 o’clock, we get 11
o’clock, not —1 o’clock. Similarly, if we add 5 hours to 10
o’clock, we get 3 o’clock and not 15 o’clock.

The modular addition of two angles 6 and ¢ in the standard
interval [0, 27) is given by

(64 ¢) mod2n (8)
and modular subtraction by
(6 — ¢) mod 2m. )

The modulo operation ensures that the result always lies in
[0,2m), regardless of the values of 6 and ¢. Modular subtraction
can be used to recenter data on a particular reference direction or
compute the angular deviation or error of an estimate 6 from a true
value . In these cases, it may be preferable to wrap the result to
the signed interval [—m, ) using Equation 5.

Importantly, because a modulo operation changes only the nu-
merical representation of a circular value, it can be applied at ev-
ery step of an arithmetic calculation or only to the final output
without changing the result, for example,

((6 + ¢) mod 2m) + ) mod 2 = (6 + ¢ + ) mod 2. (10)

The symbols & and & are sometimes used for modular addition
and subtraction, but this is not an established standard, so their
intended meaning should always be explicitly stated, including the
interval in which their outputs are to be represented.

Vector Equivalents of Angular Arithmetic

The modular arithmetic formulation is useful for working
directly with angles. It is also possible, and often preferable, to
implement angular addition and subtraction in a vector representa-
tion of circular data. As shown in Figure 4A, in the standard polar
coordinate system, adding an angle ¢ to an angle 0 corresponds to
a counterclockwise (positive) rotation of the unit vector corre-
sponding to 0. Conversely, subtracting an angle ¢ from 6 corre-
sponds to a clockwise (negative) rotation (Figure 4B).

In Cartesian coordinates, rotation of vectors is achieved by multi-
plying by a rotation matrix. A rotation of a vector with coordinates
[x, y] through an angle ¢ about the origin O can be expressed in

—sm(d))} [x} (11

matrix form as
{x’] _ {cos(d))
¥y sin(¢)  cos(d) ||y

The rotation is counterclockwise in standard coordinates if ¢ is
positive and clockwise if it is negative. If [x, y] is a unit vector cor-
responding to angle 0, then [x’, ] is another unit vector corre-
sponding to angle 6+ ¢. Rotation matrices are a relatively
cumbersome way of implementing angular arithmetic, but they
find considerable application in computer graphics, including 3D
graphics where rotations in three dimensions are expressed analo-
gously as 3 X 3 matrices. Importantly, in computer graphics soft-
ware, pixel locations on a two-dimensional display are usually
represented in a nonstandard “left-handed” Cartesian system, with
y increasing downward instead of upward, x increasing to the
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Figure 4
Angular Arithmetic and Vector Summation
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(A) Modular addition (as defined in Equation 8) of angles 6 (blue) and ¢ (red) yielding

Note.

sum \ (green). (B) Modular subtraction (as defined in Equation 9) of angle ¢ (red) from angle
0 (blue) yielding difference s (green). (C, D) Angular distance D(6, ¢) (green) between angles
0 (blue) and ¢ (red). Although any pair of two angles can be connected by rotation in either
direction around the circle, counterclockwise and clockwise rotation lead to the smaller angle in
(C) and (D), respectively. (E, F) Vector addition (as defined in Equation 16) of two (E) or multi-
ple (F) vectors. Blue and red arrows show the original vectors X; and summed vectors Xeuym,
respectively. Gray dashed arrows show the tip-to-tail visualization where summing vectors can
be viewed as connecting individual vectors sequentially. See the online article for the color ver-

sion of this figure.

right, and the origin at the top-left corner of the display. In this
system, all coordinates lie in the first quadrant where x =0 and
y=0. The inversion of the y-axis reverses the sense of rotation, so
for screen coordinates [x, y], the rotation described by Equation 11
is clockwise for positive 0.

For circular values represented as unit vectors in the complex
plane, the addition and subtraction of angles correspond to multi-
plication and division, respectively. That is, if z; and z, are two
unit complex numbers corresponding to the angles 6 and ¢, then
their product is

2z = 0.0 = O+ (12)
yielding a new unit vector representing the angle 6 + ¢. Similarly,
the subtraction 6 — ¢ corresponds to dividing the vector represen-
tation of 0 by the vector representation of ¢:

11
% = :—¢ = (i(0-9), (13)

The complex representation therefore provides a simple and
mathematically elegant implementation of angular arithmetic, in
which the “wrapping around” of large angle changes is taken
care of automatically by the geometry of the complex plane.
Many programming languages have support for complex num-
bers built-in (e.g., in both MATLAB and Python, you can create
complex numbers by typing 17 for the imaginary unit i, and they

will work with all the usual math operators and functions),
whereas other languages have well-established libraries that
implement them (e.g., math.js for JavaScript). Note, however,
that the complex representation of circular variables does not
have convenient extensions to spherical or higher-dimensional
directional variables: The polar and Cartesian representations
provide better starting points for working with those kinds of
data.

Measuring Distance

The periodic equivalence of circular data means careful con-
sideration must be given to the measurement of distances. The
Euclidean distance between two points on the real number line
is just the absolute value of their difference, calculated equiva-
lently as either |x—y| or |y—x|. By contrast, given two
angles 0 and ¢ corresponding to two points A and B on the unit
circle, their angular separation can be measured either clock-
wise or counterclockwise, yielding two different distances that
add up to one complete cycle. The angular distance is typically
taken as the smaller of the two, equivalent to the shortest arc
length between A and B (Figures 4C and 4D). This can be calcu-
lated as

D(0,¢) = min(|0—¢[,2n— [0 —¢])

(14)
n—[n— 109,
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where the circular variables 6 and ¢ must be represented in the
same interval of range 2w, for example, [0,2n) or [—n, ). The
resulting distance always lies in [0, 7t], and it captures the magni-
tude of the angular separation, without regard to its direction. Note
that the angular distance is not itself a circular variable.

An alternative measure of separation between circular variables,
and one that is in a sense more “natively” circular, is the cosine
dissimilarity (also cosine error), defined as

Deos(0,0) = 1 —cos(0 — d) = 1 — cos(d — 0). (15)

The cosine dissimilarity lies in the range [0, 2], with 0 and 2
corresponding to the minimum and maximum possible separation
of 0 and ~ rad, respectively. This measure of distance can be con-
ceptualized as a circular analogue of the squared Euclidean dis-
tance and plays a similarly important role in circular statistics,
including in the definition of circular variance, as we will discuss
in the Circular Variance section. Indeed, with respect to the vector
representation of angles, the cosine dissimilarity is equal to half
the squared straight-line distance between points on the unit circle,
that is, 1 [| A — Bl % in the Cartesian representation org |z —z|?
in the complex representation. For unit vectors with small differ-
ences in angle J, the straight-line distance and the angular distance
are approximately equal, so the cosine dissimilarity 1 — cos(d)

converges to %. Note that, like angular distance, the cosine dissim-
ilarity is not a circular variable.

In study design, circular distance becomes relevant when a min-
imum or maximum separation between angular values must be
ensured. Such constraints allow continuous rather than discrete
variables while keeping points neither too close nor too far apart.
For instance, experimental stimuli could be sampled with a mini-
mum circular distance, so they remain perceptually distinct, or
ambulatory-assessment surveys scheduled at random times subject
to a maximum gap between them. A method for sampling from a
uniform distribution in circular space while ensuring a minimum
separation between values is provided in Appendix B.

Vector Summation

We described previously how addition and subtraction of angles
can be represented as rotation of unit vectors in the real or com-
plex plane. In subsequent sections, we will see that vector repre-
sentations provide a general foundation for the analysis of circular
data. This includes the definition of circular analogues of mean
and variance, which are based on vector summation.

The vector sum of two unit vectors, X; and X, is illustrated
geometrically in Figure 4E, with vectors represented by arrows. If
we shift one vector arrow, for instance, X,, without rotating it,
from the origin O to a point where its tail coincides with the tip of
the other vector arrow X, then we can draw a vector sum, also
called the resultant vector, as an arrow connecting the origin O
with the tip of the shifted vector. The three vectors x;, X,, and
X; + X, form the so-called vector triangle.

To sum vectors defined in Cartesian coordinates, add up x and y
coordinates separately:

+
X1 4 X2 _ X1 X2 . (16)

X| +Xp; =
N Y2 yi+y2

For a complex vector representation, real and imaginary parts
sum separately:

2+ =(a+ib)+(c+id) =a+c+i(b+d). (17)

When summing more than two vectors, the order of addition
does not affect the result. For example, we have (x; + X;) + X3 =
X; + (X2 + X3). Geometrically, each vector can be placed tip-to-
tail in sequence. The resulting chain of vectors forms a vector poly-
gon, and the resultant vector is the one that connects the origin to
the tip of the final vector in the sequence (Figure 4F).

Visualizations of Circular Data

In this section, we briefly discuss approaches for visualizing cir-
cular data. Due to publication length restrictions, an extended ver-
sion of this section, including practical guidance on producing
these visualizations in commonly used programming languages, is
provided in the supplemental materials.

Visualizing circular data requires approaches that respect its in-
herent periodicity and directional nature. A key decision to make
is whether data are unwrapped onto a line and represented in a
Euclidean coordinate system (Figures SA-5D, 5J, and 6D) or repre-
sented in a two-dimensional polar coordinate system (Figures SE-5I,
5K-L, and 6A—6C)—where angle is mapped to direction (6) and
magnitude to radius (r). In some cases, linear and polar visualiza-
tions convey similar information, whereas in others, one format
provides a much clearer or more intuitive representation of the
data. When creating a linear plot of circular data, a suitable interval
must be chosen to prevent the density of a mode positioned close
to the boundary from spilling over to the opposite side of the plot
(Figure 5A). In addition, the same considerations for choosing bins
must be made as for linear plots of Euclidean data, for example,
deciding on a suitable bin width (Figure 5B). For many linear plots
likely familiar to the reader, there are several options for polar ana-
logs. In polar histograms, for instance, bins can be represented by
wedges radiating from the center of a circle (Figure SE) or by rec-
tangular bars arranged around a reference circle (Figure 5F). Polar
representations can also be suitable for visualizing cylindrical data
that combine a circular and a Euclidean variable (Figures 5K and
SL) and for displaying individual data points alongside summary
statistics (Figures 6A and 6B). Like other approaches to represent-
ing circular data, box plots can use both polar (Figure 6C) and lin-
ear (Figure 6D) coordinates.

Descriptive Statistics of Circular Data

In this section, we will review the descriptive statistics most
commonly used to summarize circular data sets. For each statistic,
we will give its mathematical definition, the intuition behind it,
and its relationship to the corresponding Euclidean statistic. Where
applicable, we will also discuss the circumstances under which
Euclidean approximations of circular measures provide acceptable
accuracy. As mentioned in the introduction, mathematical notation
in circular statistics is less standardized than in Euclidean contexts.
Some of the symbols introduced in this section represent our own
suggested notation (for an overview, see the middle column in
Table 1). Due to publication length constraints, we discuss outlier
classification and exclusion in the supplemental materials. For a
discussion of the corresponding population parameters and their
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Figure 5
Visualization of Circular Data in Linear and Polar Spaces
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Note. (A) Linear histogram of a bimodal circular distribution. Bars show the empirical density estimated from a random sample (N = 9,000), and the line
shows the corresponding theoretical distribution. (B—F) All plots show the same sample data (N = 90) drawn from the theoretical distribution shown as the
line in (A). (B) Effect of bin widths on the representation of circular data. Both histograms show the same data but with coarse (blue, 11 bins) and fine (red,
111 bins) binning. (C) Effect of smoothing strength on circular density estimation. Both curves represent the same data with stronger (blue) and weaker (red)
smoothing. (D) Empirical cumulative distribution function. (E, F) Polar histograms showing density as a function of angle: polar histogram with wedges (E)
and wrapped bar histogram with rectangular bars (F). (G) Polar plot of von Mises distributions (circular normal distributions; see the Probability Theory and
Models for Circular Variables section) with probability density plotted in the radial dimension. Note that dense regions appear exaggerated, whereas sparse
regions are understated because the area scales with the square of the radius. (H) Polar plot of the same von Mises distributions as in (G) with the square
root of probability density on the radial axis. This area-proportional mapping ensures that enclosed areas are linearly proportional to density. (I, J) Stacked
histograms of the same data with two subgroups (blue and red) layered one on top of another in polar (I) and linear circular space (J). Note that the red sub-
group is approximately uniformly distributed. However, as the area grows with the square of the radius in rose plots, bins of the red subgroup appear larger
for bins where density in the blue subgroup is higher in the polar representation (I). (K, L) Representations of cylindrical data with one circular and one
Euclidean dimension. (K) Polar scatter plot showing cylindrical data with the circular and Euclidean dimensions represented by angle and distance from the
center, respectively. (L) Polar heat map showing a large number of samples drawn from the same distribution as data in (K). Density is represented smoothly
by a change in hue across both angular and radial dimensions. See the online article for the color version of this figure.
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Figure 6
Visualization of Summary Statistics
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Note. (A, B) Rayleigh plots. The arrows indicate the mean resultant vector (see Circular Mean section). (A) Rayleigh plot
showing 35 individual observations (dark gray circles). Note that it is not possible to see whether multiple observations share
the same value. (B) Stacked Rayleigh plot of the same data shown in (A) but now binned into 5° intervals, with observations
stacked radially within each bin. (C, D) Box plots summarizing three groups of circular observations with circular median
(bold line), interquartile range from the 25th to the 75th percentile (opaque box), range of data not including outliers
(whiskers), and outlier values (dots). Note that data dispersion is similar for Group 1 (red) and Group 3 (green), which is
apparent in the linear representation (D). In the polar representation (C), the radial distance between the two groups gives the

impression that Group 1 has a higher dispersion. See the online article for the color version of this figure.

estimation, see the Probability Theory and Models for Circular
Variables section.

Central Tendency
Circular Mean

A basic requirement of any statistic calculated from circular
data is that it respects the equivalence of angles separated by a
whole number of cycles, for example, that it is unchanged if we
describe a data point as 360° instead of 0°. The usual definition of
the arithmetic mean %Ef:lx,- does not fulfill this requirement.
However, the problem of identifying a circular counterpart to the
Euclidean mean turns out to be even more fundamental in nature.
Consider a data sample consisting of the four cardinal directions
(0°, 90°, 180°, and 270°). Intuitively, no single direction can be
identified as its average. It is clear that a different conception of
mean value is required for circular data: the centroid, or center of
mass, fulfills the requirements.

In Euclidean space, the arithmetic mean is equivalent to the
centroid of the set of points x; on the real number line. This idea
can be illustrated using the analogy of a seesaw: Placing equally
weighted balls at each location x; on a beam, the mean corresponds
to the center of mass or the position of a fulcrum that balances the
system. We can extend this concept to circular data by treating
each angle 0; as a point on the unit circle (the embedded represen-
tation introduced in the Polar Coordinates section). In this case,
the centroid lies inside the circle rather than on its circumference
(purple dots in Figure 7). The analogy is to a disk with equally
weighted balls placed along its edge at angles 0;. Placing a small
plinth underneath the disk to keep it balanced would require posi-
tioning it closer to the center and not on the edge. The position of
the plinth reflects the location of the center of mass.

The direction of the center of mass from the origin defines the
circular mean—a generalization of the linear mean that respects
the periodic and directional nature of circular data. It is the same
as the direction of the resultant vector (the sum of the » unit vec-
tors corresponding to the data; see the Vector Summation section).

The two-dimensional location of the centroid can be obtained by
scaling the resultant vector by % The length of this mean result-
ant vector contains information about the spread of the data, as
we will see in the Measures of Dispersion section. If the mean
resultant vector has length 0O, the circular mean is undefined, as
this indicates complete directional cancellation, as in a uniform
distribution.

As described in the Complex Coordinates section, a two-
dimensional vector can be conveniently represented by a complex
number. When represented in this way, we will denote the mean
resultant vector by 1, (the origin of this notation will become
clear in the Circular Moments section). It is defined as

R 1N 0 -
my :=Z;e'9‘ = Re', (18)

where R = || is the modulus or length of the mean resultant
vector and O = arg(si1,) is its argument or direction, which defines
the circular mean.

The mean resultant vector can alternatively be represented in
polar coordinates, as (0, R), or in Cartesian coordinates as

% [z": cos(0,), z": sin(e,ﬂ)} . (19)
=1

i=1
R can also be calculated using the Pythagorean formula with the
x- and y-components of the Cartesian resultant vector,

n 2 n 2
R= G;COS(&O + (%;Sin(&')) ; (20)

and the circular mean 6 can be obtained by calculating the angle
between the positive x-axis and the resultant vector,

_ 1 n . 1 n
0 = atan2 <Z;sm(9,-), ;;cos(e,-))7 (21)
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Figure 7

Center of Mass and Central Tendency of Circular Data
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Note. The panels display samples of 12 (A, C) or 11 (B) data points on the unit circle. Each data point 6; cor-
responds to a complex number ¢ with unit length. The purple dots and arrows show the center of mass and
the mean resultant vector for each sample. The circular mean, 0, is the angle of this vector, and the mean re-
sultant vector, R, represents its length. The sample in (B) has the same circular mean as the one in (A), but the
center of mass is closer to the center of the circle as the sample displays a higher spread. (C) displays the most
dispersed sample, with the center of mass close to the center of the circle. The red points in (A—C) show possi-
ble values of the median of the different samples; the red arcs in (A) and (C) mark the range within which
each median could fall. Note that the median of the odd number of data points in (B) is unique. Medians are
presented outside of the circle to avoid overlapping with data points. See the online article for the color version

of this figure.

recalling from the Representations of Circular Data section that
atan2 first takes the vertical component and then the horizontal
component.

The circular mean 0 is the angle that maximizes the sum of
cosines of angular distances between each data point and that angle:

0= argmachos(@,- —¢). (22)
¢

i=1

Equivalently, we can say it is the angle with the minimum
summed cosine dissimilarity from the data (see the Measuring Dis-
tance section). This is analogous to the way the Euclidean mean
minimizes the sum of squared deviations from the data.

In the special case that data points are concentrated in a small
region of the circular space, some (but not all) circular statistics

Figure 8

Euclidean Approximations of Circular Measures

can be approximated by their Euclidean counterparts. Specifically,
if we choose an interval in which to represent the circular data
such that the data are tightly concentrated in their center (e.g.,
[—m, ) if the data are concentrated around 0), then the “wrapping
around” at the bounds of the interval will have a negligible effect.
In this case, the Euclidean mean will closely approximate the cir-
cular mean.

Formally, we can approximate sine and cosine by sin(6;) ~ 0;
and cos(0;) &~ 1 (red dashed lines in Figures 8A and 8B). Inserting
these approximations into Equation 21 yields the Euclidean mean:
0 = atan2 (;17 S, 6 1) = %Z?:l 0;. However, this approximation
of cosine is only sufficiently precise for very small angles 6; ~ 0.
As an alternative that is suitable for concentrated data that span a
larger arc, we can use the second-order expansion cos(0; — ¢) ~

1—3(6;, — $)? (green dashed line in Figure 8B). If we apply this to

A1 . B1
7
0.5
0 2
-0.5 o e
—— cos(0) ==
sin(0) =L - —— V(-2mR)
7 ———9 —=1-10 ———(@var)
-1 -1 0
-1 -0.5 0 0.5 1 -1 -0.5 0.5 1 0 0.5 1
0(rad) 6(rad) Circular variance (1 - R)

Note. (A, B) Approximations of sine (A) and cosine (B) for small values. (C) Approximation of circular var-
iance; relationship between circular variance and circular standard deviation. Blue continuous lines represent
exact values; dashed lines indicate approximations. See the online article for the color version of this figure.
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Equation 22, we obtain 0 = argming > r, (0; — $)?. The right-
hand side coincides with the variational characterization of the Eu-
clidean mean that defines it as the value that minimizes the sum of
its squared distances from all data points.

Circular Median

In Euclidean space, the median of a sample separates the data
into an upper half and a lower half. Similarly, the sample circu-
lar median can be described as splitting the data into a clock-
wise half, contained in the interval (Opeq — T,0meq), and a
counterclockwise half, in (émed, Omed + n). However, in circular
space, for any direction ¢ that meets this criterion, the diametri-
cally opposite direction ¢ £ does so as well. To resolve this
ambiguity, the circular median is defined as a point on the circle
that minimizes the sum of angular distances between each data
point and that angle,

Omea := argmin » _ D(6;, ¢), (23)
¢

i=1

where D(0;,0;) denotes the shortest arc length between two angles
(see the Measuring Distance section). Of the two opposite direc-
tions that split the data in two, this identifies the circular median
as the one more strongly in the overall direction of the data. This
definition is analogous to the Euclidean median, which can be
defined as a point that minimizes the summed absolute distance
from the data. If the number of data points is odd, one of them
satisfies Equation 23 (red dot in Figure 7B), but if the number is
even, the set of solutions is an interval subtended by two neigh-
boring data points (red arcs in Figures 7A and 7C). In this case, it
is usual to take the midpoint of the interval as the circular median.
This all corresponds closely to the way the median is identified in
Euclidean data. Note, however, that for certain precise geometric
arrangements of data points, the circular median is still not
uniquely defined. As a trivial example, for any odd number of
data points arranged evenly around the circle, every data point
has an equal claim to be the circular median.

The circular median is less sensitive to extreme observations or
outliers than the circular mean and can provide a robust measure
of central tendency, similarly to the median versus the arithmetic
mean in Euclidean space (see the supplemental materials on
outlier classification and exclusion). When most data points are
clustered in a small region in the interior of an interval of 2m, the
circular median is approximately equal to the Euclidean median
calculated over that interval.

Circular Mode

The circular mode of a sample Oy,04. is the most frequently occur-
ring angle, taking into account the equivalence of angles separated by
whole numbers of cycles. As in the Euclidean case, the circular mode
is strictly only defined for discrete data, but the term may also be used
in a looser sense to describe peaks in a histogram or smoothed density
estimates of continuous data. Whereas the global mode is rarely used
to estimate central tendency for continuous circular data, local mode
estimates are relevant for several applications, including multimodality
testing (Ameijeiras-Alonso et al., 2019; Bolén et al., 2025) and mode-
based clustering approaches (Chang-Chien et al., 2012; Zhang &
Chen, 2021).

Measures of Dispersion
Circular Variance

As mentioned previously and displayed in Figure 7, the mean
resultant length R conveys information about the spread of a data
sample by quantifying how tightly the angles cluster around the
mean direction. Specifically, R lies in the range 0 <R =<1, with
R =1 indicating perfect alignment of all angles (i.e., maximum
concentration) and R = 0 implying complete directional cancella-
tion (i.e., maximum dispersion). The sample circular variance is
defined as

Ve:=1—-R, 0=Vy=1, (24)

reflecting the inverse relationship between R and spread.
The circular variance is equal to the average cosine dissimilarity
between the data points and their circular mean,

n

Ve = %Z(l —cos(6; — 0)), (25)

i=1

in the same way that the Euclidean variance is the average
squared deviation from the arithmetic mean. Unlike many
other circular statistics, the circular variance of clustered data
is not approximately equal to the corresponding Euclidean
measure. Instead, for data that are concentrated within a small
arc of the circle, circular variance is approximately half the
value of the Euclidean sample variance (red dashed line in
Figure 8C). This is a consequence of the fact that for small 9,

1 —cos(d) ~ %2.
Circular Standard Deviation

In Euclidean statistics, variance is expressed in squared units of
the data; to quantify dispersion in the same units as the data them-
selves, the standard deviation is defined as the square root of the
variance. However, applying this transformation to the circular
variance, which takes values in [0, 1], would not yield a measure
of spread in radians or any other natural angular units. Instead, the
circular standard deviation sy is defined as

so:= V—=2InR = \/—2In (1 — Vy). (26)

This definition might seem arbitrary and a bit peculiar, but it
has a logic based on the Gaussian or normal distribution. Specifi-
cally, if you wrap a Gaussian probability distribution with standard
deviation G around the unit circle (see the Wrapped Normal Distri-
bution section), the resulting distribution will have a circular
standard deviation equal to ¢ based on this definition. In other
words, sg is the standard deviation of a normal distribution
wrapped around the circle that has the same mean resultant length
as the data.

Importantly, the logarithm in Equation 26 converts the
bounded range of R into an unbounded scale. As R approaches
1, s¢ approaches 0, corresponding to maximum concentration.
Conversely, as R approaches 0, sy tends to infinity, that is, maxi-
mum spread (blue line in Figure 8C). Thus, sg can in principle
take arbitrarily large values, just like the Euclidean standard
deviation, even though the data are geometrically confined to a
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circle. Provided sy is substantially smaller than the maximum
angular distance of a point from the circular mean (s¢ < 1), it
can be interpreted as a standardized measure of dispersion in
angular units, directly comparable with s in Euclidean space. How-
ever, once sg approaches or exceeds 7, although it remains a valid
measure of spread, the interpretation in angular units breaks down,
because the topology of the circle means angular distances are con-
fined to at most 7 rad.

For data concentrated within a small arc of the circle, s¢ can
be well-approximated by its Euclidean equivalent s. In this re-
gime, R is close to 1; thus, the circular variance Vo = 1 — R is
close to 0. Using the Taylor expansion In(1 + x) &~ x for small

—2In(1 — Vg) =~ /2V,. As discussed in the

Circular Variance section, for concentrated data, 2\79 is approx-
imately equal to the Euclidean sample variance, so s is approx-
imately equal to the Euclidean sample standard deviation, s.

X, we obtain s =

Circular Moments

To calculate circular mean, variance, and standard deviation, we
used the mean resultant vector, which can also be characterized as
the first circular moment of the data distribution. Circular
moments, also called trigonometric moments, form an important
class of summary statistics. They act as a “fingerprint” of the dis-
tribution, allowing complex patterns to be summarized by a few
interpretable numbers.

In Euclidean statistics, the pth moment of the sample distribu-
tion is the arithmetic mean of the pth power of the data values,
15" .xl'. However, this definition does not transfer directly to circu-
lar data, because it ignores periodicity and directionality. To prop-
erly capture the geometry of the circle, powers of 0 are replaced
with powers of the complex exponential ¢ = cos(0) + isin(0),
which is periodic with period 2.

The pth sample circular moment is therefore defined as

A 1 . -
my = r—lZe"’e' = Rl,e‘e". 27)
=1

The first circular moment, 7711, is the mean resultant vector (see
the Circular Mean section), its modulus |71, | is the mean result-
ant length R, and its argument or phase arg(r;) is the circular
mean 0. More generally, the modulus and argument of each circu-
lar moment 771, yield interesting statistics.

The argument of the pth circular moment,

0, := arg(rin,) = atan2 (%l_i sin(pei),%i_icos(pei)) (28)

corresponds to the mean direction of the data when considered
modulo 2’7", that is, when directions separated by 2[)—" are treated as
equivalent. Higher-order moment arguments generalize the circu-
lar mean to capture dominant symmetries in circular data. For
instance, 0, gives the dominant axis when opposite directions are
treated as equivalent, whereas 03 points to the orientation of a
threefold (trimodal) arrangement.
The modulus or length of the pth moment

Ry = ||

2 2
1 <& 1 )
(n ;COS(PGJ) + (n ;mn(pei)) J0=R,=1,

(29)

measures how strongly the data cluster when considered modulo
27“. Across orders, a value of R, = 0 indicates complete uniformity

around the circle. R, = 1 corresponds to perfect alignment of the
data wrapped onto a circle of length 2’7“, which has different impli-

cations for different values of p. For p = 1, this means all observa-
tions fall at the same angle, for p = 2, they can be split between
two opposite angles, and so forth.

While the argument and the modulus of the first circular
moment describe central tendency and spread, higher order cir-
cular moments allow us to characterize further aspects of a dis-
tribution’s shape and symmetry. We turn to these measures in
the following sections.

Circular Skewness

Skewness describes the asymmetry or lopsidedness of a distribu-
tion. In Euclidean statistics, a nonzero skewness statistic indicates
that the data spread further from the mean in one direction than the
other, with its sign corresponding to the direction of the long tail; it
is calculated as the third moment of the z-scored (standardized)
data. Circular skewness extends this concept to periodic data, quan-
tifying the asymmetry of a distribution around the circular mean.
The sample circular skewness is defined by Mardia (1975) as

R, sin(0, — 20 L1g- . 5
210 ::LZ_S): AB—Zsm(Z(@,‘*e)), (30)

(1-R) Vit

where the second expression illustrates that, analogously to z-scoring
in Euclidean space, data are centered on the mean 6 and normalized
by the variance V. In line with its Euclidean equivalent, a circular
skewness of 0 indicates symmetry, whereas larger deviations from 0
reflect increasing asymmetry (Figure 9A). However, a positive value
indicates that the long tail is in the negative (clockwise) direction
from the mean (green line in Figure 9A), whereas a negative value
indicates a longer positive (counterclockwise) tail (red line in
Figure 9A)—the opposite sense to the Euclidean skewness. For data
concentrated in the interior of a 2m interval, the circular skewness is
not approximated by the Euclidean skewness g, directly but rather
by

g9 ~ —2ig;, (€2))

where the negative sign reflects the reversal of sense described
previously and the power-of-two scaling is due to the fact that cir-
cular variance approaches half the Euclidean variance for concen-
trated data (see the Circular Variance section).

Circular Kurtosis

Kurtosis describes how much probability mass lies in the tails of
a distribution. The Euclidean sample kurtosis b, is the fourth
moment of the z-scored data. As with skewness, z-scoring makes the
kurtosis invariant to shifts or scaling of the data. A Gaussian distribu-
tion has a kurtosis of 3, and as a result, the excess kurtosis of a
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Figure 9
Skewness and Kurtosis
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Circular distributions with different skewness (A) and kurtosis (B). In each panel, distri-

butions have matching circular means and variances. Circular kurtosis and circular skewness are
0 for all distributions in (A) and (B), respectively. The black curves represent normal distribu-
tions wrapped around the circle (see the Wrapping Euclidean Distributions section). Contrary to
the Euclidean equivalent, a positive circular skewness (green in Panel A) indicates that the long
tail is in the negative (clockwise) direction from the mean, whereas a negative value (red in
Panel A) indicates a longer positive (counterclockwise) tail. See the online article for the color

version of this figure.

sample in Euclidean space is defined as g, = b, — 3. The distribution
of a typical unimodal sample with positive excess kurtosis has a nar-
row peak around the mean and, extending away, heavier tails than the
Gaussian distribution. Conversely, the distribution of a sample with
negative excess kurtosis is flatter and more spread out around the
mean. The sample circular kurtosis is defined by Mardia (1975) as

R 0,—20)—R* 1 [1 -
oo 1= 2c0s(0> — ) == —ZcosZ(Gi—G)—R4 .
(1-R) Ve \"i=1

Clw

(32)

It is the circular counterpart of Euclidean excess kurtosis. The
reference point for zero circular kurtosis is the wrapping of the
Gaussian distribution onto the unit circle (see the Wrapped Normal
Distribution section), with positive values indicating heavier tails
(green line in Figure 9B) and negative values lighter tails (red line
in Figure 9B) than the wrapped normal, in agreement with the Eu-
clidean excess kurtosis. For concentrated data, the circular kurtosis
can be approximated by twice the Euclidean excess kurtosis,

820 ~ 2, (33)

with the factor-of-two scaling again attributable to the fact that cir-
cular variance approaches half the Euclidean variance for concen-
trated data (see the Circular Variance section).

Probability Theory and Models for Circular Variables

In this section, we introduce probabilistic foundations and mod-
eling approaches for random variables in a circular space. The dis-
tribution of a circular random variable can be modeled by a
probability density function (PDF) in a similar way to a Euclidean
variable. The key difference is that a circular PDF must be peri-
odic, such that f(0) = f(0 + 2nk) for any integer k. While a PDF
in R! has integral (“area under the curve”) equal to 1 over the
whole real line (—o0, o), a valid PDF in circular space must inte-
grate to 1 over any interval of length 2. Circular distributions can
also be characterized by their cumulative distribution function

(CDF). Given a chosen reference angle 0y, the CDF is defined as
F(6) = [} () d. so that F(6y) = 0 and F(8 +2m) = 1. The
CDF can be constructed over any interval of length 2m; thus, the
choice of starting point 6 is an essential part of its specification.

In this section, we will outline population counterparts of the
sample statistics discussed in the Descriptive Statistics of Circu-
lar Data section, address the conditions for sample-to-population
convergence in circular space, and describe some common circu-
lar population distributions. We will compare two circular ana-
logs of the Gaussian distribution and introduce two more flexible
families for fitting heavy-tailed and skewed data. We will exam-
ine the properties of circular random variables in more detail before
concluding with practical guidelines for choosing between circular
distributions and sampling random values from circular distribu-
tions. Throughout this section, our focus will be on continuous
distributions; discussions of discrete or “lattice” distributions on
the circle can be found in Jammalamadaka and SenGupta (2001)
and Mardia and Jupp (2009).

Population Parameters

As in the Euclidean case, each descriptive statistic for circular
data has a corresponding population parametric form that can be
used to summarize an equivalent aspect of the theoretical distribu-
tion of a random variable (for sample and population parameter
notations, see Table 1). The population parameters simply replace
normalized sums over the n data points in a sample with expecta-
tions or integrals over the circular space. So the pth circular
moment of a random variable with PDF £(0) is

Y421

m,, = Hy[e"] = [ e"f(0) db, (34)
Jy

where the integral can be taken over any interval of length 27. The

arguments u, = arg(m,) and moduli p, = |m, | provide defini-

tions for the population circular mean p = p; and population

mean resultant length p = p;. Population circular variance Vp,
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standard deviation Gy, skewness v, and kurtosis 7,4 all have defi-
nitions that follow from those of the corresponding sample statistics
(see the Descriptive Statistics of Circular Data section).

The circular median discussed in the Circular Median section is not
moment-based. Like the sample version, the population circular me-
dian .4 can be defined in two ways: first, as an angle that divides
the circle into two semicircles (Kmeq — T, Hied) a0 (e Bmed + T0)
that each contain equal probability mass of %; second, as an angle that
minimizes the expected circular distance from the random variable,

421
Kmed := argmin Eg[D(0, ¢)] = argminj D(6,d)f(0)de.
¢ ¢ v
(35

As for the sample case, the first definition yields at least two
possible solutions; therefore, the second one should be preferred.
Note, however, that for certain distributions, the circular popula-
tion median is not uniquely defined, even under the second defini-
tion (e.g., for symmetric, bi-, or multimodal distributions).

The properties and approximations for concentrated data
described for sample statistics in the preceding section all general-
ize to their population counterparts.

Convergence of Sample Statistics to Population Parameters

The trigonometric moments of an independent and identically
distributed (i.i.d.) sample, including the mean resultant vector,
converge to their population counterparts as the sample size
increases (see the Central Limit Theorem section). As a result,
sample statistics that are continuous functions of the mean result-
ant vector (circular mean, variance, and standard deviation) and of
higher-order trigonometric moments (circular skewness and kurto-
sis) inherit convergence via the continuous mapping theorem. The
only case where convergence of these parameters is not assured is
when the true parameter is not uniquely defined. For example,

Figure 10
Wrapping of a Gaussian Distribution

0.2~

(=
X

Probability Density
=3

0.05

although we can calculate the circular mean of a sample drawn
from the circular uniform distribution, the population mean resultant
vector has length 0, so the mean direction is undefined, and the sam-
ple mean direction has no population counterpart to converge to.
For parameters that are not moment-based, the question of con-
vergence is more complicated. The circular median also converges
when the true value is uniquely defined and the density around it is
well-behaved, that is, continuous and sufficiently smooth (for a
detailed discussion, see Purkayastha, 1995). Convergence results for
local circular mode estimators are given in Zhang and Chen (2021).

Wrapping Euclidean Distributions

One approach to modeling circular data is to “wrap” a Euclid-
ean distribution around the circle to construct a wrapped distribu-
tion. For a Euclidean distribution with PDF f(x), the result of
wrapping is a circular PDF that can be written as the periodic sum
Sw(0) =502 f(0 4 2mk), where the sum is taken over all inte-
gers k € 7. Conveniently, the circular moments of the wrapped
distribution are equal to the characteristic function of the
unwrapped distribution evaluated at integer arguments, for exam-
ple, the resultant vector (first circular moment) of a wrapped distri-
bution is given by m; = ¢(1), where ¢(f) = E[¢™] is the
characteristic function of the unwrapped distribution f(x). The
characteristic function also provides an alternative formulation of
the PDF as a Fourier series, which is an infinite sum of sinusoidal
components: fyy(0) = L3 @(r)e .

In practice, the infinite Fourier representation of a wrapped dis-
tribution cannot be evaluated exactly and must be approximated
by truncating the series to a finite number of terms. This means
evaluating the characteristic function at a limited set of integer
points, which produces a smooth approximation of the true circu-
lar PDF. The resulting approximation is a finite Fourier series, and
its accuracy improves as more terms are included. For an illustra-
tion of wrapping a Gaussian distribution, see Figure 10, where the

0
-2 - 0

Note.

n 2 3n 4n

Colored lines show normal (Gaussian) distributions with standard deviation ¢ = 2.2 and

means centered on integer multiples of 2m, that is, p = 2nk, k &€ z. The black line shows the
wrapped normal distribution with mean 0 and circular standard deviation G equal to o, obtained
by summing over all translations (for every integer k in the interval [—5,5], including those not
shown) of the Gaussian distribution. The wrapped normal distribution is periodic with period 2.
The signed interval [—m, ) is highlighted in gray, displaying one period of the wrapped normal
distribution. Dashed gray lines indicate period boundaries. See the online article for the color ver-

sion of this figure.
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blue line shows a Gaussian distribution in Euclidean space and the
black line the same distribution wrapped around the circle.
While their familiarity is appealing, the distributions gener-
ated by wrapping are often “false friends,” proving difficult
to work with analytically and lacking in desirable mathemati-
cal properties. More tractable “natively circular” distributions
can be defined directly in circular space using trigonometric
functions.

Circular Uniform Distribution

On the real line, a random variable can have a uniform distribu-
tion only with respect to a particular bounded interval, with PDF
f(x) = 7= for x in the interval [a,b) and f(x) = 0 outside it
(Figure 11, left). While similar distributions can be defined that
have uniform probability over a specified range of circular space,
the circular uniform distribution describes a random variable
that has equal probability everywhere, with PDF f;(6) = 5~ for
all 6 (Figure 11, right). The circular uniform distribution has no
well-defined mean direction: Its mean resultant is the zero vec-
tor, its circular variance is 1, and its circular standard deviation
is infinite. The circular uniform distribution has the maximum
entropy of any circular distribution.

Circular Analogs of the Normal Distribution

The normal or Gaussian distribution family is fundamental in
Euclidean space, underpinning many statistical models due to its
well-behaved mathematical properties, including closed-form expres-
sion, defined moments, and closure under translation, convolution,
and scaling. For circular variables, no single family of distribu-
tions possesses all the desirable properties of the Gaussian, and
some of its properties are not shared by any family of circular
distributions. The closest circular equivalents to the Gaussian are
the wrapped normal distribution and the von Mises distribution
(sometimes referred to as the circular normal).

Figure 11
Uniform Distribution in Euclidean and Circular Space
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Note. (A) Uniform distribution in Euclidean space f(x) over the inter-
val [0, 2n). Note that density is 0 outside this interval. (B) Uniform dis-
tribution in circular space f(60). Equivalent components are displayed
in the same color in (A) and (B). See the online article for the color
version of this figure.

Wrapped Normal Distribution

Wrapping the Gaussian distribution N'(i, o) with mean p and
standard deviation &

262

1 e N2
A 0) = s exp( b )) (36)

onto a unit circle results in the wrapped normal distribution
WN(, o) with PDF given by

00 2
1 Zexp(—(e—u—i-an)). 3

0: =
fWN( ) O') ol = 262

The circular mean of the wrapped normal distribution is p, and
its circular standard deviation is o (as discussed in the Circular
Standard Deviation section, this motivates the definition of circular
standard deviation). Its circular variance is not 6%, but 1 — R =

1 —exp (%"7) Its circular kurtosis and skewness are 0.

For small o, the probability density is concentrated enough that
the circularity of the space becomes irrelevant, and the wrapped
normal PDF approximates the Gaussian PDF with mean p and
standard deviation 6. As ¢ — oo, the wrapped normal distribution
approaches the circular uniform distribution.

One way in which the wrapped normal distribution can arise
is as the result of Brownian diffusion (i.e., accumulation of
Gaussian noise) in an angular variable from starting point i,
where the distribution of the variable at time 7 is wrapped normal
with circular standard deviation proportional to /. For a visual-
ization of the wrapped normal distribution and its construction,
see Figure 10.

Von Mises Distribution

In practice, the von Mises distribution is often preferred as the
circular analog of the normal distribution on the real line. The von
Mises distribution VM(|, k) has PDF

im0, k) = % exp(kcos(0 — p)), (38)

2nly (K

where | is the circular mean and x is called the concentration of
the distribution. Comparing the von Mises PDF with the Gaussian
PDF (Equation 36) reveals a very similar functional form: The
concentration parameter k of the von Mises plays an equivalent
role to the inverse variance, or precision, of the Gaussian distribu-
tion #, and a trigonometric measure of similarity to the mean,

cos(B — ), replaces the term based on squared error —1 (x — n)?

(see the Measuring Distance section).

The function Iy(-) refers to the modified Bessel function of
the first kind with order 0. Bessel functions are important math-
ematically as solutions to certain differential equations, but
here 2mly(x) is simply a normalization term that appropriately
scales the PDF, so it integrates to 1 over intervals of length 2.

A von Mises distribution with concentration k has circular var-

jance 1 —p =1 —A;(x), with A;(k) = 2‘)5—8, that is, the ratio of

the first- to zeroth-order modified Bessel function of the first kind.
Its circular skewness is 0, but its circular kurtosis is greater than 0
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for k > 0, with a peak value of ~.834 for k ~ 2.71. As Kk — o0,
the von Mises PDF approaches the Gaussian PDF with mean p
and precision § equal to k. For k = 0, the von Mises distribution
is identical to the circular uniform distribution.

The von Mises is a member of the exponential family of distribu-
tions, making it particularly suitable for statistical inference. The
maximum likelihood estimator (MLE) of the location parameter L
is the circular mean. In fact, Richard von Mises originally derived
the distribution named after him as that distribution for which the
sample circular mean is the MLE of location, in the same way as
the sample mean is the MLE for the location parameter of the Gaus-
sian (von Mises, 1918).

The von Mises distribution can also be derived from a bivariate
Gaussian distribution in the real plane IR2. The von Mises PDF is
equal to the conditional density of polar angle 0 given unit radial
distance p(0|r = 1) for a bivariate normal random variable with
mean on the unit circle, at [cos(), sin(u)], equal variances L and
zero correlation. This approach can be extended to define analogs
of the von Mises in higher dimensions, known as von Mises—
Fisher distributions: The von Mises—Fisher PDF in S” is propor-
tional to the restriction of an isotropic multivariate Gaussian distri-
bution in R”*! to the unit p-dimensional hypersphere.

Yet another way to obtain the von Mises distribution is as the
hitting point on the unit circle of a two-dimensional Brownian dif-
fusion (i.e., an accumulation of isotropic Gaussian noise) with
constant drift in direction p with velocity k¥ (Gordon & Hudson,
1977). Extending this principle to higher dimensions again leads
to the von Mises—Fisher distributions.

Comparison of Wrapped Normal and von Mises Families

Figure 12 gives a comparison of the Gaussian, wrapped normal,
and von Mises distributions with mean 0 and matched (circular)
standard deviation (Gumbel et al., 1953). Key properties of these
distributions are summarized in Table 2. Unlike the wrapped nor-
mal PDF, which involves an infinite sum of Gaussian densities,
the PDF of the von Mises distribution has an analytic expression,
as do some key quantities such as Fisher information and entropy
(most of these involve Bessel functions, but most mathematical

software packages have built-in functions for their efficient numer-
ical approximation).

A family of distributions is closed under convolution if the sum
of two independent random variables from that family also belongs
to the same family (the PDF of the sum is obtained by applying
the mathematical operation of convolution to the PDFs of the two
variables). The wrapped normal inherits closure under convolution
from its Euclidean counterpart, the Gaussian (see the Sampling
Distribution of the Circular Mean section). However, a number of
other properties that make the Gaussian distribution special are
instead possessed by the von Mises distribution in circular space.
Like the Gaussian, the von Mises is a maximum entropy distribu-
tion. Specifically, among all distributions on the circle with a
given circular mean and variance (or equivalently, a given mean
resultant vector), the von Mises distribution has the maximum en-
tropy. More similarities and differences between these distributions
are described in the General Properties of Circular Random Varia-
bles section.

Flexible Distribution Families

We next introduce two families of distributions that can serve as
flexible models for circular data that are asymmetric or heavy-
tailed. Both are four-parameter families of distributions varying in
tailedness and skewness as well as location and scale. The wrapped
stable family generalizes the wrapped normal distribution and
retains the property of closure under convolution, meaning that
sums of random variables belong to the same family. The sine-
skewed Jones—Pewsey family generalizes the von Mises distribu-
tion, and its PDF has an analytic expression based on trigonomet-
ric functions. Particular attention will be given to the wrapped
Cauchy distribution, which uniquely belongs to both families.

Wrapped Stable Family

A distribution is called stable if linear combinations of random
variables have the same distribution up to location and scale. In
Euclidean space, stable distributions are important as they general-
ize the concept of a central limit distribution (see the Central Limit
Theorem section) to include distributions with nonfinite variance.

Figure 12
Comparison of Gaussian, Wrapped Normal, and von Mises Distributions
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Note. Gaussian, wrapped normal, and von Mises distributions with concentration parameters x = 0.5,2.0,5.0.
Distributions are matched for (circular) standard deviation, using ¢ = y/—21InA; (k) to obtain & for the wrapped nor-
mal and Gaussian distributions. The wrapped normal PDF is approximated using the sum of the first 10 terms of its
Fourier series. PDF = probability density function. See the online article for the color version of this figure.
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Table 2
Properties of the Gaussian, Wrapped Normal, and von Mises Distribution Families
Property Gaussian Wrapped normal von Mises
Support reR! fes! fes'
Parameters u, 62 W o W, ¥
Symmetrical v v v
Unimodal v v v
(Circular) mean/median/mode il
Circular moments, m, (Not applicable) pinn—n’c?/2 A, (k)*
Mean resultant length, p (Not applicable) e /2 Ay (x)?
(Circular) variance o2 1 — e 02 1—A(x)?
(Circular) standard deviation c c \/TANK)a
(Circular) kurtosis 3 0 Ay (k) =4 (0)**
(1-41())?
Closed under translation” v v v/
Closed under scaling” v X X
Closed under convolution” v v X
Fisher information for p 1 Zoo e Ko’ KA (k)"
o2 k=—00
Entropy (differential) 11In(2mec?) (Not analytic) In(2ntly(k)) — kA (k)*
Maximum entropy distribution® 4 X v
Exponential family 4 X v
Sufficient statistics (%, 52) for (n, o?) (Nonfinite) (8, R) for (u, )
Maximum likelihood estimates X (for p), s* (for 6%) (Not analytic) 0 (for ), Afl (R) (for x)*
Log likelihood Quadratic (Not analytic) Cosine
Product of PDFs Scaled Gaussian (Not analytic) Scaled von Mises

Note.  Green check marks (V) indicate that the distribution has the given property; red crosses (X) indicate that it does not. PDF = probability density

function. See the online article for the color version of this table.
@ A,(x) is shorthand for the ratio of Bessel functions 2{£)

" *“Closed under X means that applying operation X to any member of the distribution family pro-

. . Lk . M ) : . .
duces another member of the family. © The Gaussian and von Mises distributions have the maximum entropy for a specified mean and (circular) variance.

In a circular space, all continuous distributions have finite variance,
but wrapping the stable family provides a flexible model for skewed
and heavy-tailed data that is also closed under convolution. The
wrapped stable PDF can be constructed from its moments, which
correspond to the characteristic function of a general stable distribu-
tion on the real line,

my. = @(k)
* 41 i * — ky]Btan r T R
) exp(—(ky) + ik + i[(ky)” — ky|P ta <2u>> foro # 1, (39)
< o s 2 A
exp| —(ky) +1kb—1ky10g(ky)[3;> foroa =1,
1 o0
Fos(050,B7,8) = = (1423 [me[cos(kd —argmy)).  (40)
k=1

The preceding expressions are referred to as the Sy parametriza-
tion by Pewsey (2008). Note that, despite the piecewise definition,
necessary because tan(g) is undefined, the wrapped stable PDF
and moments change smoothly through oo = 1. The mean resultant
length is given by p = exp(—y%).

The stability parameter o € (0, 2] controls heaviness of the distri-
bution tails, skewness parameter € [—1, 1] controls the asymmetry,
v is a scale (or dispersion) parameter, and 6 is a location parameter.
For o = 2, the wrapped stable is equivalent to the wrapped normal
with p =38 and o =2y (Figure 13A). As illustrated in
Figures 13B—13E, larger | B| increases skewness (for o < 2), smaller
o yields heavier tails, and higher vy leads to greater dispersion.

Figure 13A shows some canonical examples of wrapped sta-
ble distributions. The wrapped normal (o = 2,0 = 0), the
wrapped Holtsmark (o = 1.5, = 0), and the wrapped Cauchy
(=1, B = 0) are symmetric cases. The standard wrapped Levy
distribution (o0 = 0.5, = 1) is right-skewed and exhibits extremely
heavy tails, making it suitable for modeling pulse-like behavior on
the circle.

Sine-Skewed Jones—Pewsey Family

The Jones—Pewsey family is a generalization of the von Mises
distribution on the circle (Jones & Pewsey, 2005), which allows
for flexible tailedness and, in its sine-skewed form (Jones & Pew-
sey, 2012), flexible skewness as well. The sine-skewed Jones—
Pewsey PDF is given by

Sss—1p(0; 0,1, 1, 1)
cosh'/V (icyr) (1 4 tanh (i) cos (0 — 5))”*(1 + Asin(0 — 3))

21Py y(cosh(kr)) for s # 0,

exp(kcos(0 — 8))(1 + Asin(0 — 9)) )
2no () for\r = 0,
41

where P,(z) is the associated Legendre function of the first
kind of degree v and order 1, which can also be expressed in
terms of the hypergeometric function »Fy(—v,v+ I;1;155).
Despite the piecewise definition, needed to avoid division by
0, the distribution changes smoothly through | = 0, which
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Figure 13
Examples of Flexible Distribution Families
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Note. Example distributions from the wrapped stable family (A-E) and the sine-skewed Jones—Pewsey
family (F-J). (A) and (F) show special cases of the wrapped stable and Jones—Pewsey family, respec-
tively. The Cauchy distributions in (A) and (F) are matched in mean resultant length, using y =
—ln(tanh(g)) to convert the concentration parameter of the Jones—Pewsey family, k, to the scale parame-
ter of the Wrapped stable family, y. Shapes of the wrapped stable family with changing (B, D) and o
(C, E). The PDFs of the wrapped stable family are approximated using the first 100 terms of the Fourier
series. Shapes of the Jones—Pewsey family with changing A (G, I) and \ (H, J). Location parameters o
are 0 in all cases. PDF = probability density function. See the online article for the color version of this

figure.

corresponds in this case to the sine-skewed von Mises
distribution.

The index \y € (—o0, c0) controls the tailedness of the distribu-
tion, & € [—1, 1] controls skewness, « is an inverse scale (preci-
sion) parameter, and | is a location parameter.

When <0, the distribution has heavier tails than the von
Mises distribution, whereas \y > 0 leads to lighter tails (compare
the wrapped stable family, which contains only heavier tailed dis-
tributions; Figures 13H and 13J). A > 0 leads to right-skew, and
conversely for A <0; larger values of |A| lead to stronger skew-
ness (Figures 13G and 131).

Figure 13F shows some special cases of the symmetric Jones—
Pewsey family (A = 0), including the von Mises distribution (with
= 0; mean resultant length is p = A{(x)), the Cardioid

distribution (\f = 1; p = tanh(x)), and the wrapped Cauchy distri-
bution (y = —1; p = tanh(})).

In general, the analytic form of the Jones—Pewsey family PDF
makes it particularly convenient for modeling and statistical infer-
ence. As for the von Mises distribution, the normalization term of
the PDF involves a nonelementary function, the associated Legendre,
but most mathematical software packages provide efficient methods
for its computation as a special case of the hypergeometric function.
Although analytically convenient, direct numerical evaluation via the
hypergeometric function becomes unreliable when \ is large and
negative. Two practical ways to ensure numerical stability in this re-
gime are computing the Legendre term using more robust algorithms
(Gutleb et al., 2022) or bypassing the Legendre representation with a
numerical integration approach (see Appendix C).
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Wrapped Cauchy Distribution

The wrapped Cauchy distribution belongs to both the wrapped
stable family (with o = 1, § = 0; Figure 13A) and the symmetri-
cal Jones—Pewsey family (with y = —1, A = 0; Figure 13F). It is
closed under convolution like the rest of the wrapped stable fam-
ily, but its PDF also has a closed-form trigonometric expression
as part of the Jones—Pewsey family. Specifically, its PDF can be
obtained directly as the wrapping of the Cauchy distribution onto
the circle,

Z = 42)

K™+ (0 u+2nk)

Sfwe (O, y) =

or equivalently in trigonometric terms as

1 sinh(y)

Fue(O5m,7) = 2mcosh(y) — cos(0 — p) “3)

It is parameterized by a location t (the mean and center of sym-
metry) and a scale y. The mean resultant length of the wrapped
Cauchy distribution is p = e~ 7, and its circular standard deviation
is \/2y. Its circular moments are m, = ¢”* 1" Tts differential
entropy can be written in closed form as log(ZTt(l 76—27)).
Note that although the Cauchy distribution on the real line is the
classic exemplar of a “pathological” distribution, with mean,
variance, and higher moments undefined, its circular counterpart
retains some of the heavy-tailedness yet has finite circular
moments, making it more tractable for modeling circular data
with heavy tails.

General Properties of Circular Random Variables
Additivity of Mean and Variance

Models of Euclidean random variables often make use of
properties of the mean and variance, such as additivity, that do
not apply or apply differently in circular spaces. The Euclidean
mean or expectation is additive in the sense that the mean of the
sum of any two random variables is equal to the sum of their
means,

E[X + Y] = E[X] + E[Y], (44)

and Euclidean variance is additive in the sense that the variance of
the sum of two random variables is equal to the sum of their var-
iances, so long as the variables are uncorrelated,

Var[X + Y] = Var[X] + Var[Y] iff X1 Y. (45)

These properties are key to understanding how variability from
different sources combines and how random noise accumulates
(e.g., in drift-diffusion models; Bogacz et al., 2006; Ratcliff,
1978). However, caution is required when extrapolating these
properties to circular variables (see Smith, 2016, for a diffusion
model of circular data).

Circular equivalents to mean and variance are related to the
direction and length of the mean resultant vector, which, for the
angular sum of two independent random variables, is the product
of their individual mean resultant vectors. As a result, the circular

mean—although not additive in general—does have the additive
property for variables that are uncorrelated,

n0 + &) = u[o] + pé]

Circular measures of dispersion are related to the mean resultant
length, p, for which

P[0+ ¢] = p[6]p[d]

so p does not have the additive property, and neither does the
circular variance, based on its usual definition Vo =1 —p.
However, the logarithm of the mean resultant length, log p, is
additive for independent circular random variables, and (de-
spite not being a usual circular measure of variance) so is the
squared circular standard deviation,

(mod2m) if 0L ¢. (46)

if 0L o, A7)

o’[0+ ¢] = &?[0] + o°[]

A more detailed exposition with derivations can be found in
Appendix D.

if 0L o. (48)

Products of Probability Density Functions

Products of PDFs are important in contexts where informa-
tion from different sources is combined. These include maxi-
mum likelihood estimation and Bayesian inference based on
independent samples drawn from the same distribution, as well
as sensory fusion and cue combination (Trommershauser et al.,
2011), where different probabilistic estimates of a parameter
are integrated. These computations take a particularly simple
form for Gaussian variables, because the product of Gaussian
PDFs is proportional to another Gaussian PDF, with precision
é equal to the sum of the component precisions, and mean
equal to the precision-weighted average of the component
means.

For circular variables, the von Mises distribution possesses a
similar property (Murray & Morgenstern, 2010): The product
of von Mises PDFs is proportional to another von Mises PDF
with mean and concentration determined by the concentration-
weighted resultant vector of the component mean directions
(Figure 14A):

HfVM(e; W, %) = Sfym(0;arg 7, | 71)

o NC L W(r]
F=>y ket S= =
; @2r)" " TLio(x:)

By contrast, the product of two wrapped normal distribu-
tions does not yield another wrapped normal distribution,
although an approximation based on the Gaussian product for-
mula holds well for small standard deviations, for example,
o <1 (Figure 14B).

(49)

Sums and Differences of Random Variables

The probability distribution of the sum of two independent
random variables Z = X + Y is obtained by convolving their
individual PDFs; the distribution of their difference is obtained
by reflecting one of the PDFs about 0, then convolving. These
operations are the same for circular variables, where the
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Figure 14
Products and Convolutions of von Mises and Wrapped Normal PDFs
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Note. (A, B) Products of PDFs of von Mises distributions (A) and wrapped normal distributions (B). Each panel
shows two PDFs (red and blue), their normalized product (green), and the closest match to the normalized product
by a PDF from the same family (purple, dashed). Note that the product of two von Mises PDFs (A) is proportional
to another von Mises PDF, whereas the product of two wrapped normal PDFs (B) does not in general correspond
to any wrapped normal PDF. Examples shown are VM (i) = =5,k = 0.5) and VM, (k, =¢,%2 = 1) and
wrapped normal PDFs with matching resultant vectors. (C, D) Convolutions of PDFs of von Mises distributions (C)
and wrapped normal distributions (D). PDFs shown in green are convolutions of red and blue PDFs, and purple is
the closest PDF from the same family. Note that the convolution of the two von Mises distributions (C) is not a von
Mises distribution, whereas the convolution of two wrapped normal distributions is another wrapped normal distri-
bution (D). Examples shown are VM, (b = —§, k) = 2) and VM, (M = §. %2 = 3) and wrapped normal PDFs
with matched resultant vectors. Wrapped normal PDFs are approximated using the sum of the first 10 terms of
their Fourier series. PDF = probability density function. See the online article for the color version of this figure.
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family is closed under convolution. Because convolving two = .

wrapped distributions is identical to wrapping the convolution
of the corresponding unwrapped distributions, the wrapped
normal distribution inherits this property directly from the nor-
mal distribution (Figure 14D):

fWN(e; s GX) * fWN(e; Hy, G}') = fwN (67 B+ My, 4/ 0_)2c + 0_3) :

(50)

The von Mises distribution is not closed under convolution,
which means that the sum (or difference) of von Mises distrib-
uted variables is not in general a member of any recognized dis-
tribution family (Figure 14C). The PDF for the sum can be
calculated as

2nly (k) I (Ky)
Sampling Distribution of the Circular Mean

Because the Gaussian family is closed under both convolution and
scaling, the mean of n i.i.d. Gaussian random variables X = 13" X;
are distributed as another Gaussian (with the same mean and variance
reduced by a factor of n). This important property is not shared by
any family of circular distributions.

The circular equivalent of the mean is the angle of the resultant
vector, the vector sum of the unit vectors corresponding to indi-
vidual random variables. In general, the distribution of the result-
ant vector angle cannot be obtained independently of its length.
The only exception is the circular uniform distribution (Kent
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et al., 1979), for which the distribution of the resultant angle 0 of
i.i.d. samples is, trivially, also circular uniform. For two samples
from the circular uniform distribution, the distribution of resultant
length R is

o2
s

For three or more samples, the distribution 4, of resultant length
quickly becomes intractable and can only be approximated with
numerical methods. An approximation for large » is given in terms
of the chi-square PDF by

hy(R for Re|0,2). (52)

ha(R) ~ %foz (%R2; 2> . (53)

For the von Mises distribution, the circular mean of i.i.d. sam-
ples is not von Mises distributed, but it can be described as a mix-
ture of von Mises distributions with different concentrations.
Specifically, for n samples from VM(p, k), the conditional distri-
bution of resultant angle  for a given resultant length R is von
Mises, with concentration proportional to R,

P(O|R) = fym(6; p, kR). (54)

Informally, when the sample directions are similar (large R),
their mean 0 tends to be close to the distribution mean, 1, whereas
when the samples are widely dispersed, the sample mean is too.
This contrasts with the Gaussian distribution, for which the sample
mean is independent of the sample standard deviation.

The distribution of resultant length is related to the equivalent
distribution for the circular uniform by

7 (R). (55)

The distribution of the circular mean (the marginal distribution
of resultant angle) can then be obtained as the mixture density

p(®) = | p(O|RIPRIR (56)

For the wrapped normal, the circular mean of i.i.d. samples
does not have any recognized distribution, even when conditioned
on resultant length.

Central Limit Theorem

The central limit theorem states that, under quite general condi-
tions, the sum or mean of a sample of Euclidean random variables
converges to a normal (Gaussian) distribution as the number of
observations in the sample grows, even if the individual observa-
tions do not come from a normal distribution. This fact is often
called upon to justify the use of the normal distribution family as a
default model for a wide range of behavioral and neural observa-
tions and also underlies many parametric statistical tests. Analo-
gous results to the central limit theorem for circular variables are
therefore of considerable interest; however, the topic is complex.

In circular spaces, the limiting distribution depends on precisely
what operation is performed on the random variables. It should be
plain that the angular sum of increasingly many independent circu-
lar random variables, regardless of their individual distributions,

will in general grow in dispersion and ultimately converge to the
circular uniform distribution. Of more interest is the limiting dis-
tribution of the mean resultant vector, the direction of which is the
closest circular analog of the Euclidean mean. For i.i.d. circular
variables, the mean resultant vector converges to a bivariate Gaus-
sian centered on the mean resultant vector of the distribution they
are sampled from, and with covariance that can be calculated from
its first two circular moments (Jammalamadaka & SenGupta,
2001, Section 3.4). In particular, if that distribution is symmetrical,
the bivariate Gaussian is uncorrelated, so the fangent of the result-
ant direction converges to a Gaussian distribution. If the distribu-
tion of resultant direction is narrow enough (which it will be for
sufficiently large numbers of samples, as long as they are not uni-
formly distributed), then it will have approximately the same dis-
tribution as its tangent.

Based on this, we can deduce that the limiting distribution of
the circular mean of symmetrically distributed circular random
variables is approximately Gaussian in shape. Unfortunately, this
is not sufficient to identify a specific circular distribution. In par-
ticular, both wrapped normal and von Mises PDFs converge to
Gaussian as their width approaches 0, so we cannot identify either
of these circular analogs of the Gaussian as the unique limiting
distribution.

An Equivalent of the Cramér—Rao Bound

The Cramér-Rao Bound (CRB; Rao, 1945) is an important
result in estimation theory; it describes a limit on the precision of a

point estimator 6(X) of an unknown parameter 6 € R' based on
data X with likelihood function p(x | 0). For an unbiased estimator,

that is, one with expectation equal to the true parameter, E[é] =0,
the CRB can be expressed as

- 1
Var[f] = — 57
ar[0] 7(0)’ 7
where the Fisher information Z(0) is defined as Z(0) =
Var[ &logp(x]6)] = —E[aa—;zlogp(x |6)]. An unbiased estimator
that achieves this bound is said to be efficient (an example is the
MLE of the mean based on i.i.d. samples drawn from a normal
distribution).

An equivalent of the CRB for an estimator Q(X ) of a circular pa-
rameter 0 € S' that is unbiased in the sense of having a circular
mean equal to 0 (or equivalently, E[sin(0 — 0)] = 0) is given by

Var[sin(ze —0)] - 1 7 (58)
Py 7(0)
where pg is the mean resultant length of 0 (Mardia, 1975). Note
that the left-hand side of this equation differs from the definition
of circular variance, 1 — pg. However, it can equivalently be writ-

ten in terms of the first and second circular moments of 0 as
(59)

which is an alternative measure of variability for circular varia-
bles, defined as the circular dispersion by Mardia and Jupp (2009),
Section 3.4.2). The bound is met in the circular case if and only if
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Llogp(x]6) sin(0 — 0), that is, if the likelihood is von Mises.
An example is the MLE of the circular mean based on i.i.d. sam-
ples from a von Mises distribution with known concentration
k> 0.

Choosing an Appropriate Circular Distribution

After being introduced to a range of established circular distri-
bution families and their properties, the reader should now be able
to choose suitable distributions when building statistical models of
circular data. If the data come from a source with no directional
bias, the circular uniform distribution should be used. If not, two
criteria can be employed for selecting one of the distribution fami-
lies discussed previously: first, whether the data can be expected
to have an approximately normal distribution; second, whether the
purposes of analysis better suit the properties of wrapped distribu-
tions or those defined intrinsically on the circle. If a normal distri-
bution can be assumed (based on inspection or because the
conditions described in the Central Limit Theorem section are
met), then the von Mises or the wrapped normal is appropriate; if
not, and assuming the data are nonetheless approximately unimo-
dal, the Jones—Pewsey or wrapped stable should be chosen for
their ability to capture asymmetry and tailedness of data. Wrapped
distribution families are more appropriate for data obtained by
wrapping Euclidean random variables or when the analysis
involves addition or subtraction of circular variables (because
these families are closed under convolution). Distributions that are
defined intrinsically on the circle are appropriate if the reader
needs an analytically and computationally tractable model for sta-
tistical inference, such as MLE or maximum a posteriori estima-
tion, or if they want a closed-form PDF, entropy, or Fisher
information. If theoretical and practical considerations do not iden-
tify a single distribution family, we recommend selecting based on
how well the different possible distributions fit the data, noting,
however, that differences in fit between wrapped and intrinsically
circular distributions are typically small.

Sampling Random Values From Circular Distributions

Sampling from circular distributions is essential for generating
synthetic data and experimental stimuli and for use in simulations
and model recovery. For wrapped distributions, the usual method
is to draw samples from the corresponding distribution in Euclidean
space and then wrap the generated random values onto the circle. Dis-
tributions that are defined intrinsically on the circle require different
sampling methods. For the von Mises distribution, the rejection sam-
pling algorithm introduced by Best and Fisher (1979) has become the
standard. This method samples values from an auxiliary distribution
on [0, 21) whose density is proportional to exp(k cos 6)—a distribu-
tion closely resembling the von Mises—and then uses a rejection cri-
terion to ensure that accepted samples exactly follow the von Mises
distribution. This algorithm is implemented, for example, in the func-
tion rvm in the R package CircStats (Lund & Agostinelli, 2002)
and in scipy.stats.vonmises.rvs in the Python library
SciPy (Virtanen et al., 2020).

More generally, inverse transform sampling provides a univer-
sal framework for generating random variables from any continu-
ous distribution with a known CDF: generate a random value U
from a uniform distribution in the interval [0, 1] and return the

smallest number X for which F(X) = U, where F is the CDF of the
target distribution. This method can be used for sampling from cir-
cular distributions with the CDF defined over any specified inter-
val of length 2.

Beyond This Tutorial

This tutorial was intended to provide a practical foundation in
circular statistics tailored to behavioral and cognitive research. For
a comprehensive mathematical introduction to the topic, see the
foundational textbooks by Mardia and Jupp (2009) and Jammala-
madaka and SenGupta (2001). In this section, we briefly outline
topics that we did not cover in the tutorial and point to recom-
mended resources.

This tutorial did not cover circular inferential statistics. A wide
range of tests assess whether circular data deviate from expected
distributions—for an accessible overview, see Landler et al.
(2018). For an introduction to circular—circular correlations, refer
to Jammalamadaka and SenGupta (2001, Chapter 8) and (Mardia
and Jupp (2009, Chapter 3.5.2). There are circular versions of
many of the familiar tests for comparing samples. These include
the Watson—Williams Test (a circular equivalent to the two-
sample two-sided ¢ test; Watson & Williams, 1956), analysis of
variance (Harrison et al., 1986), and multivariate analysis of var-
iance (Landler et al., 2022). Landler et al. (2021) evaluate different
statistical tests comparing two independent samples of circular
data in terms of Type I error rate and statistical power. Tasdan and
Yeniay (2018) discuss Bonferroni corrections for circular data.
For regression models of circular variables with circular predic-
tors, there are methodological guidelines for frequentist (p value)
tests (Cremers et al., 2020; Downs, 2002; Jammalamadaka & Sen-
Gupta, 2001, Chapter 8) and Bayesian statistics (Jha & Bhuyan,
2021). For a review of methods for principal component analysis
of circular and higher-dimensional directional data, we recom-
mend Nodehi et al. (2026).

Clustering algorithms offer a way to identify subgroups or out-
lier candidates based on angular proximity. There are circular ver-
sions of many established clustering algorithms, including circular
versions of k-means (Charalampidis, 2005), fuzzy c-means (Kese-
men et al., 2016), and the machine-learning algorithm mean-shift
(Zhang & Chen, 2021). Machine learning methods have also been
adopted to predict (Lang et al., 2020) and simulate (Wessel et al.,
2026) circular variables.

Some specific cases of circular data require special considera-
tions to avoid biases and distorted results. While this tutorial
focused on continuous circular variables, treating noncontinuous
data as continuous can substantially bias results (Mardia & Sriram,
2023), even with a fine-grained scale such as rounding to the near-
est full degree (Landler et al., 2019). Mardia and Sriram (2023)
introduce different families of circular discrete distributions,
including the circular lattice distribution, which is defined over a
finite set of equally spaced points on a circle (Mardia & Jupp,
2009, Chapter 3.5.2). For the classification and time-series model-
ing of ordinal circular data, refer to Gehlot and Laha (2025) and
Jha and Biswas (2018), respectively. Adaptations for grouped or
rounded data of tests that assess whether circular data deviate from
expected distributions are discussed by Jammalamadaka et al.
(2024) for uniformity testing and by Landler et al. (2020) for test-
ing against expected distributions in general.
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Incomplete or nonuniform sampling can also bias results; for
instance, if a variable is collected only during a constrained time
window of a 24-hour cycle (e.g., during daytime). Alsammani
et al. (2024) discuss methods to mitigate these measurement
biases. For the analysis of circular longitudinal and time-series
data, some special considerations are warranted. Refer to Artes
and Toloi (2009), Fisher and Lee (1994), Nufez-Antonio and
Gutiérrez-Pefia (2014), and Zhan et al. (2025) for guidelines on
time-series modeling, as well as to Abuzaid et al. (2014) for
outlier-classification methods in circular time-series models.

Other forms of data closely related to circular data are also rele-
vant for specific topics in behavioral and cognitive research but go
beyond the scope of this tutorial. Cylindrical data comprise a cir-
cular component and a linear component. Cremers and Klugkist
(2018) provide an introduction to cylindrical data in behavioral
research. For an introduction to circular-linear correlations, refer
to Jammalamadaka and SenGupta (2001, Chapter 8) and Mardia
and Jupp (2009, Chapter 3.5.2). For regression models of circular
variables on linear predictors, there are methodological guidelines
for frequentist statistics (Cremers et al., 2020; Fisher & Lee, 1992;
Jammalamadaka & SenGupta, 2001, Chapter 8), as well as Bayes-
ian statistics (Cremers et al., 2018; Mulder & Klugkist, 2017). For
perspectives on directional data analysis that include spherical and
higher-dimensional data, refer to Fisher et al. (1993), Mardia and
Jupp (2009), and Pewsey and Garcia-Portugués (2021).
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Appendix A
List of Symbols
Symbol Description
R? p-dimensional Euclidean space.
N p-dimensional directional space.
s! Circular (one-dimensional directional) space.
x,y (Set: X, Y) Random variables.
0 (Set: ®) Polar angle on a circle.
[x, y] Pair of rectangular coordinates. Used to represent circular values in a Cartesian coordinate system.
(r,0) Polar vector representation. r is the radial coordinate, indicating the length of the vector; 0 is the angular
coordinate, specifying the direction of the vector.
0 The origin, i.e., point where all coordinates are 0, e.g., [0, 0] in R2.
i The imaginary unit, v/—1.
z A unit complex number.
@ and & Modular addition and subtraction in a circular space.
D(6, ¢) Circular distance between the angles 0 and ¢.
K Concentration parameter of a von Mises distribution (% is analogous to G2).
o2 Euclidean population variance.
m, pth circular moment of a sample.
R Resultant vector of a sample.
iy Sample mean resultant vector, i.e., sample-size-adjusted resultant vector.
R The resultant length of a sample, i.e., the length of the resultant vector.
R Sample mean resultant length, i.e., the length of the mean resultant vector.
0 Sample circular mean.
Omed Sample circular median.
Omode Sample circular mode.
Ve Sample circular variance.
50 Sample circular standard deviation.
g1 Sample Euclidean skewness.
210 Sample circular skewness.
b, Sample Euclidean kurtosis.
@ Sample Euclidean excess kurtosis.
220 Sample circular kurtosis.
m, pth circular moment of a population.
m Population mean resultant vector.
n Population circular mean.
Hmed Population circular median.
Himode Population circular mode.
Ve Population circular variance.
Gy Population circular standard deviation.
Y10 Population circular skewness.
Va0 Population circular kurtosis.
p Population mean resultant vector length.
o) Characteristic function of a distribution.
fulx;n, 6) or N (1, 62) The Gaussian (normal) distribution.
fu(0) The circular uniform distribution.
Sm(6; 1, ) The von Mises distribution (circular normal).
Swn(0; 1, o) The wrapped normal distribution.
Swe(B;1,7) The wrapped Cauchy distribution with scale parameter 7.
Sfws(0;0,B,7,0) The wrapped stable family with stability parameter o, skewness parameter 3, scale parameter v, and location
parameter O.
Sss—ip(0; 3,1, , ) The sine-skewed Jones—Pewsey family with location parameter 3, concentration K, shape parameter s, and
skewness parameter A.
I,(x) The modified Bessel function of the first kind of order n.
Au(x) The ratio of Bessel functions 2)23
E[X] The expectation of random variable X.
Var[X] The variance of random variable X.
Z(0) Fisher information of a circular variable 0.

(Appendices continue)
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Appendix B
Sampling Circular Values With Minimum Separation
Sampling values from a circular uniform distribution while enforcing a minimum angular separation between samples can be

achieved using the following algorithm. The function takes as input the number of samples N, the minimum angular separation
minDistance, and the lower and upper bound of the circular space.

Algorithm 1: RandMinDistance (N, minDistance, lower, upper)

Require: Number of samples N, minimum separation minDistance
1: if lower, upper is undefined then
: lower < -7, upper <« T p» Default circular range
: end if
: range « upper - lower
: 1 « range - N X minDistance
:1f 1 < 0 then
: error: “Range too small to draw N samples with given minimum distance.”
8: end if
P Generate N random values within the remaining free length
9: for i =1 toNdo
10: r[i] « Uniform(0,1)
11: end for
12: (s,1idx) « Sort (r) p Sort and save original indices
p» Enforce minimum distance
13: for i = 1 to Ndo
14: s[i] « s[1] + (1 -1) X minDistance
15: end for
16: r « Order (s, idx) p Restore original order (optional)
» Apply global random rotation and wrap onto the circle
17: u « Uniform (0, range)
18: for i = 1 to Ndo
19: r[i] « lower + ((r[i]+ u - lower) mod rangeLength)
20: end for
21:
22: return r

<o Uk WD

First, this algorithm computes the total free length available after enforcing the minimum spacing requirement. It then samples N
random values within this remaining space. After sorting the samples, a minimum separation of at least minDistance of adjacent
values is ensured by applying a cumulative offset of (i — 1) X minDistance . Optionally, the original order of the values can be
restored—for instance, when experimental stimuli are presented sequentially and should not appear in a sorted order. Finally, the
list of values is rotated by a random offset and wrapped back onto the circular range, yielding a uniform random arrangement of
points while ensuring the specified minimum separation.

The separation constraints and the maximum number of samples are inversely related: for a minimum separation distance A,

the number of samples n is constrained by n= {ALJ Once the separation constraints are specified, angular distance (see the

Measuring Distance section) can be computed pairwise to all data points to verify that every pair of circular observations meets the
requirements.

(Appendices continue)
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Appendix C

Jones—Pewsey PDF via Numerical Integration

In Equation 41, the normalizing constant of the Jones—Pewsey distribution is expressed as an associated Legendre function,
which becomes numerically unstable when Vs is large and negative. The algorithm that we introduce in this appendix avoids this by
computing the density using numerical integration of the kernel and working in log space to prevent floating-point overflow. When
= 0, the distribution reduces to the von Mises and its analytic normalizing constant is used instead.

Algorithm 2: JonesPewseyPDF (0,1, Kk, \)

Require: Angles 0, location parameter p, concentration K, shape parameter
1: if || < 107° then

2: f« exp(k X cos(0 - p)) /2 X 1 X Iy(k) P Special case: von Mises

3: else

4: core « cosh(k X ) + sinh(x X ) X cos (0 - pn) p Compute kernel argument at each angle

5: if core=0 for any 0 then

6: error: “Non-positive JP kernel; check parameter regime.”

7: end if

8: logg « 1/y X log(core) p Compute log-kernel

9: logg « logg - max(logqg) P Subtract maximum for numerical stability
10: g « exp(logg) p Transform to linear scale
11: f « g/ trapezoidalIntegral(0, g) » Normalize numerically
12: end if

13: return £

To calculate the sine-skewed Jones—Pewsey distribution, using the same approach, the following wrapper function can be used:

Algorithm 3: SineSkewedJonesPewseyPDF (0,1, %, |, A)

Require: Angles 0, location parameter |, concentration kK, shape parameter |y, skewness A€ [-1,1]

1: foym « JonesPewseyPDF (0, p, 1, ) » Evaluate Jones-Pewsey base density
2: f < (1 4+ A X sin(0-p)) X foyn » Apply sine-skewing
3: f « £/ trapezoidalIntegral (0, £) » Renormalize numerically (safeguard)
4: return £

(Appendices continue)



WORKING WITH CIRCULAR DATA 29

Appendix D

Additivity of Mean and Variance

The Euclidean mean or expectation is additive in the sense
that the mean of the sum of any two random variables is equal
to the sum of their means,

E[X + Y] = E[x] + E[Y], (E1)

and Euclidean variance is additive in the sense that the variance
of the sum of two random variables is equal to the sum of their
variances, so long as the variables are uncorrelated,

Var[X + Y] = Var[X] + Var[Y] + 2Cov[X, Y]
= Var[X] + Var[Y] iffX 1 Y.

(E2)

Circular equivalents to mean and variance are related to the
direction and length of the mean resultant vector, which for the
angular sum of two variables 0 and ¢ is given by

myr = EeF9)] = F[el%!¢]
= E[e¥E[e!?] + Cov[e®, e?] (E3)
if£0 1L o,

= mgmyg,

that is, the mean resultant vector of the sum of two independent ran-
dom angles is the product of their individual mean resultant vectors.

We confine ourselves now to the case of independent 6 and
¢. The circular mean is the direction or argument of the mean
resultant vector,

u[0 + ¢] = argmg gy = arg(momyg)
= argmg + argmg (mod 2m) (E4)

= 0] + (] (mod2r),

using arg(ziz2) = argz; + argzy for any complex zj, z2. In
other words, the circular mean is additive for independent vari-
ables. Circular measures of dispersion are related to the mean
resultant length,

PO+ ] = [mory| = [momg| = [mo|[me| = p[6]p[0],  (ES)

using |ziz2| = |z1||z2| for any complex zj, zo. In other
words, the mean resultant length does not have the additive
property, and by extension neither does the circular variance,
based on its usual definition Vg = 1 — p. However,

log p[0 + ¢] = log p[0] + log p[¢], (E6)

that is, the logarithm of mean resultant length is additive for in-
dependent circular random variables. Based on the definition of
circular standard deviation,

cp = /—2logp = 65 = —2logp, (E7)

it follows that squared circular standard deviation is also addi-
tive for independent variables,

cil0+ o] = o3[0] + oi[d] if O I ¢. (E8)
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