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Abstract Introductory statistics courses and conventional methods in behavioral and cognitive
science are typically restricted to Euclidean space without explicitly stating this, leaving many re-
searchers unaware of how to handle data with circular or periodic properties (e.g., time of day or
orientation on a screen). This tutorial provides an accessible yet rigorous introduction, designed to
bridge the gap between statistical theory and practical application. After an overview of common
applications, we discuss different ways of representing circular data mathematically and fundamental
principles for working with them. We explain angular and vector representations and operations,
including key considerations for implementing them in computer code. We then survey methods
for visualizing circular data, including linear and polar plots and presentation of summary statistics.
Next, we discuss circular measures of central tendency, dispersion, and shape: how they relate to
their Euclidean counterparts and why they differ. Finally, we turn to more advanced topics of the kind
needed to construct models of circular data. We introduce the most common circular distribution
families, including circular analogs of the Gaussian distribution and their properties, as well as flexible
distribution families that can describe skewed and heavy-tailed data. The tutorial takes a method-
oriented approach, not tied to specific software, but highlighting factors relevant to experimental
design, data analysis, and statistical modeling. A consistent theme is the need to rigorously account
for the inherent periodicity of circular data. We also provide a consistent notation for circular statistics
and parameters, addressing the lack of established conventions in the field.

Translational Abstract Many areas of behavioral and cognitive research involve circular data,
such as periodic temporal data or orientations in space. Yet researchers often apply “conventional”
Euclidean statistical methods that can distort conclusions. This tutorial is intended for researchers
who are familiar with statistical measures and distributions in Euclidean space and want to understand
their circular equivalents. It is also suitable for readers who want to refresh their knowledge of
circular statistics or deepen their understanding of more advanced topics related to circular data.
We start with an overview of common applications of circular statistics, including spatial, temporal,
and neural data that are naturally periodic or can be reconceptualized as such. Next, we introduce
different ways of representing circular data and fundamental principles for operating with them,
such as arithmetic operations. We then discuss options for visualizing circular data, including the
benefits and limitations of different representations. Afterward, we introduce descriptive circular
measures of central tendency, spread, and shape of empirical distributions, drawing parallels to the
Euclidean analogs where helpful. The topics become progressively more advanced, concluding with
an introduction to a range of circular statistical models. In this section, we also discuss circular analogs
of the Gaussian (normal) distribution. In contrast, to many previous methodological publications on
circular statistics that emphasize statistical tests, this concise and hands-on tutorial focuses on handling
circular data in the context of behavioral and cognitive research, experimental design, and statistical
modeling. While being software-agnostic, the tutorial highlights common pitfalls to watch out for
during practical implementations.
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Introduction

Mathematical training for biological and psychological sci-
entists typically focuses on the analysis of data in Euclidean
spaces, particularly measurements that can be described as
points on the real number line (referred to as R!; Figure 1A),
or as coordinates in a plane (R?) or in three-dimensional
space (R*). However, many biological and behavioral vari-
ables have a periodic or cyclical nature that requires different
methods of analysis. Measurements in a circular space (de-
noted S') can be described by a single number (as on the
real line), but moving far enough through the value range in
either direction returns you to the point where you started
(Figure 1B). Such a space is topologically equivalent to a
closed loop or circle and fundamentally different from the
real line (which stretches to infinity in either direction) or a
bounded interval (a section of the real line with two ends).
A simple example of a circular space is the directions of a
compass: If you describe directions in terms of angles (e.g.,
measured clockwise from North), then 0°, 360° and 720° all
refer to the same direction, and the distance between 0° and
359° is the same as the distance between 0° and 1°. The topic
of circular statistics describes methods for analyzing random
variables in circular spaces. It is a subset of directional
statistics, which extends to variables that can be represented
as points on a sphere (S?, which includes directions in three-
dimensional space), and analogs in higher dimensions. This
tutorial focuses on methods for circular data, as they are
widely applicable to behavioral research and also provide a
foundation for learning about directional statistics more gen-
erally. For an introduction to higher-dimensional directional
statistics, refer to Mardia and Jupp (2009) and Pewsey and
Garcia-Portugués (2021).

This tutorial targets researchers who are familiar with sta-
tistical measures and distributions in Euclidean space and
want to understand the corresponding circular equivalents. It
develops progressively, from the basic properties and oper-
ations needed to present and analyze circular data to more
advanced concepts, including the foundations for formal gen-
erative models that output circular variables.

Conventions for mathematical notation in circular statis-
tics are less standardized than in Euclidean statistics. In
cases where there is a strong convention, we have followed
it, but for cases where there is not, we have developed a
notation (Table 1 and Appendix A) that aims to be clear
and self-consistent, although it should not be regarded as
canonical. The abbreviations used in this tutorial are defined
in Appendix B. Our goal is to give a concise introduction
to circular statistics that allows readers to get started with
employing them in research involving circular data. For a
thorough theoretical introduction to the topic including math-
ematical derivations and proofs, we recommend Mardia and
Jupp (2009). This tutorial will not cover significance tests
for circular variables, as there are numerous other sources for

Figure 1
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Note. Comparison of the infinite line of real numbers in one-dimensional Euclidean
space (A) with the closed set of angles in circular space (B).

these (e.g., Pewsey and Garcia-Portugués, 2021, Chapter 5;
Cremers et al., 2021).

Table 1

List of Symbols for Circular Sample and Population Param-
eters

Parameter Sample Population
Circular mean 6 U
Circular median Omed Hmed
Circular mode Omode Hmode
Circular variance Vg Vo
Circular standard deviation S o)
Circular skewness 2 V1o
Circular kurtosis 20 V20
Resultant vector R -
p-th circular moment of a popula- 7, mp
tion

Mean resultant vector mi m
Resultant length R -
Mean resultant length R 0

We will begin with a survey of use cases for circular statis-
tics in behavioral and cognitive research (Section Applica-
tions). This section gives an overview of the wide range of
applications of circular statistics; the publications cited in
this section may also help orient the reader to how circular
statistics can be applied to specific topics and types of data.
In Section Working With Circular Data, we will introduce
key characteristics of circular data, different ways of concep-
tualizing circular values and describing them numerically,
and elementary operations on circular variables. Section Vi-
sualizations of Circular Data gives an overview of different
options for visualizing circular data and the methodology
behind them.

Section Descriptive Statistics of Circular Data will cover
the most important statistical measures for circular data, in-
cluding analogs of mean and variance, and why they differ
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from their better-known Euclidean counterparts. We will then
explore circular statistical models (Section Probability The-
ory and Models for Circular Variables), including the vexed
question of circular equivalents to the normal distribution,
and concepts of importance to constructing ideal observer
and Bayesian models. We will conclude with an overview of
further topics in circular statistics that fall outside the scope of
this tutorial, providing references to the most useful sources
(Section Beyond This Tutorial).

Applications

Many areas of behavioral and cognitive research involve
data that are either inherently circular or benefit from being
conceptualized as circular in order to design experiments or
analyze data. To illustrate its broad practical relevance, this
section presents use cases of circular statistics, including for
spatial, temporal, and neural data.

Spatial and Directional Data

Circular statistics can be a valuable tool for behavioral
research using spatial data. Many aspects of spatial cognition
and behavior naturally involve circular variables, while in
other cases spatial features that are not inherently circular
may be constrained to a circular subspace for purposes of
experiment or analysis. In the following, we will look at
examples of both.

As described in the introduction, compass direction is an
inherently circular spatial feature, with animal navigation and
migration as a classic use case. Factors supporting navigation
include the relative direction of the sun (Giraldo et al., 2018;
Lindecke et al., 2019), moonlight and stars (Foster et al., 2019;
Freas et al., 2024), and, in some animals, the orientation of
magnetic fields (Packmor et al., 2024; Panagopoulos et al.,
2024). Circular statistics have been used to study movement
directions in migration routes of birds (Boldn et al., 2025;
Ghosh et al., 2024; Packmor et al., 2024), insects (Huang
et al., 2024; Vijayan & Somanathan, 2024), and mammals
(Thompson et al., 2024). Circular statistics have also been
employed to study movement patterns on smaller scales, such
as bee waggle dances. This complex form of non-verbal,
symbolic communication allows forager bees to inform each
other about food sources: the angle of the waggle run relative
to gravity encodes the angle of the food source in relation to
the sun. Circular statistics allow for an appropriate analysis of
these complex dances (Deverell, 2003; Schiirch & Couvillon,
2013; Vijayan & Somanathan, 2024).

Location in space is an example of a feature that, although
not circular by nature, may be structured circularly to support
experimental design. In human vision research, for instance,
it is common to record responses of experimental participants
to visual stimuli presented via a computer display. If stimuli
were presented at random locations across the whole display,
differences in their retinal eccentricity (distance of the image

from the central foveal region of the retina) would influence
how they are processed by the visual system (Olivers, 2025;
Staugaard et al., 2016). Additionally, the stimuli’s varying
proximity to the borders of the screen could influence how
they are perceived (Fortenbaugh et al., 2012; May & Zhaop-
ing, 2009; Schulz-Hildebrandt, 2025). Confining stimulus
locations to an invisible circle on the display, while instruct-
ing participants to fix their gaze on a point at its center (see
Stimulus Presentation in Figure 2A; Eriksen and Colegate,
1971), is a common experimental technique that reduces
variability by ensuring all stimuli are viewed at the same
eccentricity and comparable distances from the screen edges.
In this design, stimulus location can be incorporated into the
behavioral analysis as a circular variable, equal to its angular
position on the circle (Favila et al., 2022; Schneegans & Bays,
2017).

The psychophysical method of analog reproduction on a
circle, developed by Prinzmetal et al. (1998), was subse-
quently extended by Wilken and Ma (2004) to study visual
working memory — the cognitive resource that retains and
manipulates information on the order of seconds. In con-
trast to previous methods that made a binary measurement of
whether or not an object was remembered, their cued recall
task (see Figure 2) allowed for assessing how precisely visual
information can be recalled, inspiring new models of working
memory capacity (Bays et al., 2009; Fougnie et al., 2012; Ma
et al., 2014; van den Berg et al., 2012). A wide range of
visual features that permit circular representations have been
used in this task, including color hue (Wilken & Ma, 2004),
motion direction (Ester et al., 2014), and even shape (Salmela
et al., 2012).

Temporal Data

Human and animal behavior is often structured in recur-
ring patterns, many of which follow approximately or exactly
repeating cycles. Some of these cycles have a biological
basis (e.g., hormonal rhythms), while others are shaped by
environmental factors or, in humans, by cultural conventions
(e.g., weekly schedules). Often, biological and cultural fac-
tors jointly determine how humans experience time and its
influence on behavior (Patke et al., 2020).

A key feature for classifying and distinguishing periodic
systems is the length of a single cycle. The most commonly
studied chronobiological rhythm is the circadian rhythm
(from Latin circa — approximately, dies — day), which has
a period of about 24 hours. Numerous physiological and be-
havioral processes in humans and other animals vary system-
atically across the day. Among others, circadian rhythms in-
fluence sleep-wake cycles (Saper et al., 2005; Zisapel, 2018),
hormone secretion (Nelson et al., 2025; Zisapel, 2018), body
temperature (Refinetti, 2020), and activity patterns (Lauten-
schlager et al., 2024; Palmeirim et al., 2025). In humans, the
internal circadian cycle slightly exceeds 24 hours, but external
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Figure 2
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Note. (A, B) Schematic of a visual memory task where participants are presented with colored disks. After a brief delay, one stimulus is either cued by its color (green disk in the
center), and participants are asked to recall its location (A), or one stimulus is cued by its location (black circle), and participants are asked to report its color by selecting the
corresponding point on the color wheel (B). Note that the dashed circles are only for illustration purposes and are not presented to the participants. (C) Uniformly distributed
locations of cued stimuli (green) and corresponding reports from memory of these locations (blue) by trial for the task in (A). (D) Reported locations re-centered on stimulus

locations, that is, errors in memory report. All data were simulated.

cues — such as daylight and social structures — entrain it to
a 24-hour rhythm. Figures 3A and 3B show a schematic of
sleep-wake patterns in the presence and absence of time-of-
day cues, respectively. In the former, sleep is entrained to
a 24-hour rhythm with only random day-to-day variability,
whereas in the latter, sleep times progressively drift to later
hours in the absence of external cues.

In other periodic systems, cycle lengths vary between in-
dividuals or across repetitions, without external constraints
enforcing a fixed duration. Even in such cases, circular statis-
tics can be used after an appropriate rescaling of the data. For
instance, the human menstrual cycle averages around 28 days
but shows considerable inter- and intraindividual variability
(Bull et al., 2019; Cunningham et al., 2024). To enable circu-
lar analysis, each cycle can be interpolated to a standardized
length — typically 28 days (Alzueta et al., 2024; Gombert-
Labedens et al., 2024; Sides et al., 2023). Interpolation
is conducted by rescaling each cycle’s data proportionally

to the reference duration, allowing for meaningful compar-
isons across individuals and repetitions. Figure 3C shows a
schematic of estrogen levels of two hypothetical cis-women
across three menstrual cycles. Note that the two people dis-
play more similar patterns after the data has been normalized
(Figure 3D).

Some behavioral rhythms are entirely culturally con-
structed. For example, the seven-day week, which structures
work-rest patterns, primarily originated from religious tradi-
tions. Research employing circular statistics has indicated
that the weekly cycle influences stress levels (Karoly et al.,
2018; Liu & West, 2016) and even the onset of the menstrual
cycle (Ecochard et al., 2024). Certain aspects of behavior and
cognition also display annual rhythms. This includes hor-
mone levels (Tendler et al., 2021) and brain activity (Meyer
etal., 2016) in humans, as well as hibernation and breeding in
other animals (Kondo et al., 2006; Paul et al., 2008; Stouffer
etal., 2013).
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Figure 3
Human Temporal Cycles
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Note. (A, B) Schematic of a human sleep cycle with (A) and without (B) daytime cues over three weeks. Yellow bars indicate sleep periods. (C, D) Estrogen (E2) levels across
three menstrual cycles of two hypothetical cis-women. (C) E2 levels aligned to the raw timeline of each individual, with cycle boundaries indicated by dashed vertical lines in the
respective person’s color. (D) Same data as in (C) rescaled so that each menstrual cycle spans 28 days; black dashed vertical lines mark the rescaled cycle boundaries. Note that the
estrogen patterns are more similar across individuals and cycles than in (C). All hormone values were normalized to the [0, 1] range within each person (min-max scaling).
Rescaling was performed cycle-by-cycle by mapping the day indices of each cycle linearly onto a standardized 28-day axis. Cycle boundaries indicate the first day of menstruation.

All data were simulated.

Note that temporal circular data may display autocorrela-
tion structure (e.g., if consecutive cycles are more alike than
cycles further apart in time), which violates the independence
assumptions of many circular statistical tests.

Neural Data

In the previous subsections, we discussed behavioral stud-
ies involving spatial and temporal features that are intrinsi-
cally circular, or constrained experimentally to be. In the fol-
lowing, we examine how circular statistics have been applied
to investigate neural processes related to circular features or
that have periodic properties themselves.

The discovery of the columnar organization of the pri-
mary visual cortex (V1) by Hubel and Wiesel (1962) was
a major advance in sensory neuroscience, recognized by a
Nobel Prize. Through electrophysiological recordings in V1
in cats and monkeys, they identified neurons that were selec-
tively responsive to specific orientations of a visible bar or
grating presented on a flat screen. Each cell had a “preferred”
orientation that caused it to be most active (Figure 4A), and
neurons with similar orientation preferences were grouped
into vertical columns (Hubel & Wiesel, 1962, 1968; Hubel
etal., 1977). These orientation columns form orderly, repeat-
ing patterns across the cortical surface, often described as
“pinwheels”, because preferred orientations of neurons rotate
continuously around a central point, covering the full range
of orientations (Blasdel & Salama, 1986; Bonhoeffer & Grin-
vald, 1991; Bonhoeffer et al., 1995; Maldonado et al., 1997;

Ts’o et al., 1990). While Hubel and Wiesel and early follow-
up studies were primarily descriptive or employed Euclidean
statistics, later work recognized the circular nature of orienta-
tion data and used circular statistical methods (Blasdel, 1992;
Maldonado et al., 1997; Olson & Grossberg, 1998; Ringach
et al., 2002). More recent visual-processing research has
applied circular statistics to investigate how many neurons
are required to represent continuous spatial variables reliably
(Noorman et al., 2024), to explore the neural mechanisms
underlying visual illusions (L.-Q. Zhang et al., 2025), and
to model how different visual features of an object could be
jointly represented in neural activity (Schneegans & Bays,
2017).

The neural control of movement is another area where
analysis of circular variables has been fruitfully employed.
Georgopoulos et al. (1983, 1984) used circular statistics to
study firing patterns of motor cortical neurons. They inves-
tigated the activity of neurons in the primary motor cortex
(M1) of monkeys making reaching movements in the hori-
zontal plane. They found neurons whose firing rate varied
as an approximately cosine function of movement direction,
each with a preferred direction that induced maximum activ-
ity. By treating each neuron’s instantaneous firing rate as the
length of a vector pointing in its preferred direction, and sum-
ming across all neurons, they obtained a “population” vector
whose direction closely matched the actual reach direction
on that trial. Re-conceptualizing the motor cortex as a net-
work that encodes higher-order features (rather than a simple
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Figure 4
Neural Processes With Circular Features
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Note. (A) Simulated response properties of single units recorded at the center of a pinwheel in the primary visual cortex of a hypothetical cat. The three left panels show
peristimulus time histograms (PSTH) from three neurons that were stimulated by visual display of an oriented drifting square wave grating. Each row shows the PSTH for a
different stimulus orientation ranging from 0° to 337.5° in 22.5° steps. Recordings are presented from 200 ms before stimulus display and 1000 ms of stimulus display,
accumulated over 20 trials for each orientation. The right panel shows the mean firing rate in spikes per second for each cell and stimulus orientation. Note that the neurons vary in
their orientation preferences. (B—E) Theta phase precession in place cells. (B) Simulated local field potential (LFP, 8 Hz theta rhythm) in arbitrary units (a.u.) as a hypothetical rat
repeatedly traverses a spatial field. Black ticks indicate spike times from one hippocampal place cell. The two framed theta phases are enlarged on the right, illustrating how spike
timings and frequencies vary for different positions in the place field. (C) Normalized position of the rat within the place field. (D) Theta phase of each spike over time. Each dot
shows a single spike, color-coded by its within-field position. Note that the spike phase advances systematically within each pass. (E) Polar representation of the data in (C) with

spike phases and normalized positions within the place field represented by angles and radii, respectively. Data were simulated using methods adopted from Kempter et al. (2012).

map of individual muscles or body parts), Georgopoulos and
colleagues laid the foundation for our current understanding
of how motor cortical neurons represent abstract aspects of
movement (Drew & Doucet, 1991; Georgopoulos et al., 1986;

Perkins et al., 2025).

Circular statistics are also a key methodological tool in neu-
roscience research on spatial navigation (Moore et al., 2021;
Nau et al., 2020). For instance, Seeber et al. (2025) combined

brain imaging methods and circular statistics to compare real
and imagined navigation in humans. Participants first nav-
igated real-world routes and later imagined retracing them.
Neurons in the hippocampus (a brain region involved in spa-
tial navigation) showed similar directional tuning patterns
in both conditions, with different neurons responding most
strongly to different movement directions, and movement di-
rections could be reconstructed from brain activity during
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both real and imagined navigation.

Analysis of oscillatory neural activity (“brainwaves”) is a
common use case for circular statistics. A striking example
of periodic neural representation of linear space is phase pre-
cession (Figure 4B—4E), first observed in single-unit record-
ings referenced to the hippocampal theta local field potential
(LFP) in rats navigating in an enclosure. In this phenomenon,
certain neurons in the hippocampus (so-called place cells)
fire at times progressively earlier in the theta wave (~4—12
Hz) cycle as the rat moves through the cell’s preferred loca-
tion (its place field; O’Keefe & Recce, 1993; Skaggs et al.,
1996). For analyzing phase-precession data, a combination
of a circular representation of the periodic phase variable and
a Euclidean representation of position in space has proven
reliable (Kempter et al., 2012), and subsequently provided
evidence for phase precession in human episodic memory
(Doeller et al., 2010; Zheng et al., 2024).

Other Applications

Most examples we discussed above reflect physical mea-
surements of time or space that have a circular or periodic
structure. However, there are also more abstract perceptual,
cognitive, and behavioral variables for which a circular rep-
resentation is appropriate or has proven useful. For instance,
circular statistics have been employed in social psychology
to examine interpersonal interactions. This includes the syn-
chronization of body movements to those of an interaction
partner (Koul et al., 2023; Macpherson et al., 2024), interac-
tions in romantic relationships (Sadikaj et al., 2015; Vowels
etal., 2018), and interpersonal behavior of teachers (Cremers
et al., 2021; van der Lans et al., 2020). The Interpersonal
Circumplex (IPC) is an established model of interpersonal
relationships that describes social behavior and traits along
two orthogonal dimensions: agency and communion, refer-
ring to the degree of power or control and the degree of
friendliness or affiliation an individual conveys in interaction
with others, respectively. Together, these two dimensions
form a circular space in which interpersonal behaviors are
located as angles on a circle (Gurtman, 2009; Leary, 1957,
Wiggins, 1991). Figure SA displays the IPC with anchor
words describing the type of behavior located in each part
of the interpersonal circle. While agency and communion
are often analyzed separately, Cremers et al. (2021) argue
that a circular representation integrating both dimensions
more appropriately captures the angular structure of the IPC,
where interpersonal behaviors are expressed as positions on
a circle reflecting blends of agency and communion. The
identical agency and communion scores are represented in
two-dimensional Euclidean space in Figure 5B and as one
circular variable in Figure SA.

Another example is in human perception of color. Color
is detected in the retina by three types of cone cells which
respond preferentially to different wavelengths of light. How-

ever, in perceptual models of color, such as CIELAB (Schanda
& International Commission on Illumination, 2007), differ-
ent hues are arranged in a circle around a grayscale axis.
Color wheels obtained as circles of constant luminance and
chroma (distance from the gray axis) have been used in hu-
man psychophysical research to account for the continuous
nature of perceptual and mnemonic data (Fairchild, 2013). To
obtain a continuous measure of recall from visual memory,
for instance, participants can be asked to select the color of a
previously presented stimulus from a color wheel (Figure 2B;
Wilken and Ma, 2004). Operationalizing color as a circular
variable simplifies analysis, as angular error of reproduction
on the color wheel can be treated as independent of the target
color, whereas a linear representation in a bounded space
would have to take into account the proximity of the target
color to the boundary of the space.

Working With Circular Data

In this section, we describe the fundamental characteris-
tics of circular data to provide the foundation for subsequent
sections. We explain the advantages of describing circular
values as vectors of unit length in a two-dimensional plane
and three standard forms of this vector representation: in
polar coordinates, Cartesian coordinates, and on the complex
plane. There is no universally correct choice for representing
a given circular dataset; the optimal representation depends
on the context and purpose of the analysis. For instance,
angular measurements are often more intuitive for data vi-
sualization. If the methods described here are correctly ap-
plied, conclusions drawn from circular data will remain valid
regardless of the chosen representation.

Identifying the Periodicity of Data

Finding the appropriate cycle length requires careful con-
sideration, as an unsuitable choice might bias results. One
cycle needs to contain every distinct point in the space of
possible data values exactly once. Points that are separated
by a whole number of cycles must be identical or at least
equivalent for the purpose of the analysis. Selecting too
narrow a period risks obscuring important aspects of the data
by treating data points as equivalent when they are not: For
instance, if temporal data are analyzed on a daily level, but
they actually displays weekly rhythms. On the other hand,
selecting too wide a period will mean the periodic nature of
the data is not properly accounted for. Liu and West (2016)
discuss a method for identifying an appropriate cycle length
for circular analysis of temporal data.

Particular care is needed when working with data that in
their raw form are angular or directional, because the ap-
propriate period for circular analysis may not correspond to
360° in the units of the data. If we rotate the black shape
in Figure 6A around the black dot in its center, we will need
to rotate 360° before it looks the same again. This stimulus
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Interpersonal Circumplex Model in Circular and Euclidean Space
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Note. (A) Interpersonal Circumplex Model in circular space with anchor points (colored dots). (B) Euclidean representation of the same points as in A (large colored dots) and
alternative points (small dots) that would result in the same points when constraining the data to the circle. The dashed line in (B) indicates the unit circle to which values are
constrained in (A). Note that the model conceptualizes social behavior and traits continuously; the anchor points only provide orientation for interpreting values in different

segments of the circle.

therefore has no (or onefold) rotational symmetry, and the
circular space of its orientations has a period of 360°. The
shape in Figure 6B, in contrast, will first look identical after
being rotated through 180°, and again every subsequent 180°
of rotation. This shape therefore displays twofold rotational
symmetry. Analogously, Figures 6C and 6D show shapes
with three- and fourfold symmetry. For shapes with twofold
or higher rotational symmetry, the full space of possible ori-
entations covers less than 360°. It is this smaller period that
must be mapped to the full circle for the purposes of circular
analysis, and as this will typically be measured in angular
units, it is important to keep clear the distinction between the
angles of physical orientation and the angles in the circular
space of possible values. To illustrate, Figure 6E shows the
orientations corresponding to the cardinal points in the cir-
cular space for an object with onefold rotational symmetry
(top) and twofold rotational symmetry (bottom). Further care
is needed in reporting the results of circular analysis of such
data to make clear whether they are in the units of the circular
space or of the original data. Figures 6F—6I show examples
of common experimental stimuli used in vision research with
one-, two-, three-, and fourfold symmetry, respectively.

Representations of Circular Data

Having identified the periodicity of our circular data, we
can map each observation to its corresponding angle or phase,
indicating where it falls within one full period or cycle. This

requires us to select a data value that will correspond to an
angle of 0, and a direction in the data space that will corre-
spond to the positive direction of increasing angle. In some
cases these choices are obvious (e.g., for temporal data with a
period of one day, one would usually assign 12 o’clock mid-
night to the zero angle and increasing positive angular values
to later times in the day), but in others they may be arbitrary,
or the researcher may have to choose between several viable
alternatives.

Angles are typically measured in degrees (°), in which
case one cycle covers a range of 360°, or radians (rad), in
which case (for reasons explained below) one cycle covers
27 (~ 6.28) rad. As discussed above, for data consisting
of directions or orientations in space, the angular units of the
circular space may differ from those of the raw data. The units
in which angular values are reported are a matter of choice,
subject to conventions of the field, but some mathematical
operations are simplified by using radians. To convert an an-
gle in degrees to radians, multiply by the ratio {55, and divide
by the same ratio to convert the other way. Lowercase Greek
letters, typically 8 (theta), ¢ (phi), or ¥ (psi), are often used
for angular variables in a similar way to x or y for Euclidean
variables. Similarly, uppercase Greek letters — ® (Theta), ®
(Phi), or ¥ (Psi) — are often used for sets or collections of
elements analogous to X or Y in Euclidean space.

Representing circular data as angles provides a common
framework in which to describe and work with different kinds
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Figure 6

Rotational Symmetries in Circular Space
90"

A B C D o E
< / 0°
o ® 180° -

90°

180
270°
360

135
Note. (A-D) Abstract stimuli with no or onefold (A), twofold (B), threefold (C), and fourfold (D) rotational symmetry. Black dots show the points around which the stimuli can be
rotated; symmetry axes are perpendicular to the page passing through these points. Red arrows indicate one complete rotation in the space of possibilities. (E) Cardinal angles in
the circular space of possible orientations marked with corresponding physical rotations in degrees for shapes with onefold (top) and twofold (bottom) rotational symmetry. (F-I)
Sample stimuli used in perceptual and memory research. (F) Oval-cropped face with onefold (i.e., no) rotational symmetry. Image from Mitre-Ortiz and Mitre-Hernandez (2019).
(G) Gabor patch with twofold symmetry. (H) Radial frequency pattern with a frequency of three cycles per 360° (threefold symmetry) and an amplitude of 50%. Stimuli with

different amplitudes can be used to manipulate perceptual and mnemonic discriminability. (I) Fixation cross used for gaze stabilization, with fourfold rotational symmetry.

of periodic data. However, for many of the calculations we
will want to perform on circular data, a vector representation
(i.e., one combining angle and distance) turns out to be even
more powerful. There are three mathematically equivalent
ways to represent such a vector, summarized in Figure 7, and
each offers distinct advantages depending on the context of
application.

Polar Coordinates

Representing a circular value in polar coordinates simply
involves supplementing the angular representation of data, 6,
with a distance or norm, r, resulting in the polar coordinate
pair (r, §). By convention the norm is set to 1, giving (1, 6).
Now each observation is identified not just with a direction
but also with a specific point in the two-dimensional plane,
and the space of all possible observations is described by a
circle of unit radius. Technically, this is an embedding of the
circular space (S') in the real plane (R?). We can now appre-
ciate the basis for radian units: an angle of X rad corresponds
to a distance X measured on the circumference of the circle,
with a full period corresponding to the full circumference of
2n. The polar vector representation is illustrated in the left
panel of Figure 7.

Cartesian Coordinates

We can also describe circular observations as vectors in a
Cartesian coordinate system, with origin O and two perpen-
dicular axes, X and Y, passing through O. By convention, the

0° direction is positive on the x-axis. In this reference frame,
any point on the plane can be represented as a pair of rectan-
gular coordinates [x, y], with unit vectors constrained to have
x% +y% = 1. Compared with a polar representation, this sim-
plifies vector operations (which are used to define statistics
like the circular mean; see Section Descriptive Statistics of
Circular Data). For example, addition of two vectors simply
involves pairwise addition of their Cartesian coordinates. On
the other hand, it makes angular operations, such as adding
two angles together, more difficult. The Cartesian vector rep-
resentation is the most easily extended to higher-dimensional
directional statistics. For example, spherical data can be
represented by unit vectors in three dimensions, described in
[x,y, z] coordinates.

To convert from polar coordinates to Cartesian coordi-
nates, we use the trigonometric functions sine and cosine. For
a vector with polar representation (r, #), the corresponding
Cartesian coordinates are

[x,y] = [rcos(0),rsin(6)] (D
and for the inverse,
(r,0) = (Vx2 + y2, atan2(y, x)) 2

where atan?2 is the two-argument arctangent function. These
trigonometric functions are available in most programming
languages and typically default to using radians as angu-
lar units, with atan2 usually returning angles in the range
—-m < 0§ < mrad. The Cartesian vector representation is
illustrated in the middle panel of Figure 7.
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Figure 7

Representations of Circular Data on the Unit Circle
Polar
90° | j rad

e,
ey, P

[x,¥] = [cos(0), sin(0)] 2os(0)
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sin(6)

Orad
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O rad
\ \
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y Im

[0,1] i
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O rad
\ Re

mrad [} 0 rad [-1,0]

270°| 3 rad
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Note. Three mathematically equivalent vector representations of the same circular value €: the polar vector representation (left), the Cartesian vector representation (middle), and
the complex vector representation (right). Representations are shown on the unit circle with radius 1. For the polar representation, cardinal angles are annotated in radians (rad) and
degrees (°). Note that it is a mathematical convention to plot circular data with the zero reference point on the right side of the horizontal axis and a counterclockwise sense of
rotation. The angle of 6 rad corresponds to an arc length 6 on the circumference of the circle. The circumference of the circle is 27, and a full rotation corresponds to 27 rad and
360°. In both Cartesian and complex space, a unit vector (or point on the unit circle) at angle 6 has horizontal and vertical components sin 6 and cos 6, respectively.

Complex Coordinates

Finally, each data point can be represented by a unit com-
plex number, z, interpreted as a vector in the complex plane
(C! ). The angle 6, measured in radians, and the unit complex
number z are related by Euler’s formula:

e = cosf +isin6

3

Z:

where i = V-1 is the imaginary unit. Note that we write the
imaginary unit as i denoted in upright Roman to distinguish
it from the indexing variables i denoted in italics within the
later equations (e.g., summing from i = 1 to n). While it may
seem esoteric, the complex vector representation of circular
observations allows for particularly compact descriptions of
both angular and vector operations, as will become clear in
subsequent sections.

The complex plane is usually depicted with the horizontal
axis as the real component, whereas the vertical axis repre-
sents the imaginary component. The unit complex number
e'? evaluates to 1 at @ = 0, then moves into the upper half-
plane as 6 grows, tracing the unit circle counterclockwise.
This is the basis of the mathematical convention of plotting
circular data with the zero reference point on the right side
of the horizontal axis and a counterclockwise sense of rota-
tion (see Figure 7), a convention we follow in this tutorial.
Nonetheless, many fields deviate from this standard, adopting
domain-specific conventions to facilitate data interpretation
(e.g., in meteorology, with North = 0° plotted up and clock-
wise rotation). A Cartesian coordinate [x, y] corresponds to
a complex coordinate z = x + iy. A polar coordinate (r, )
can be converted to a complex coordinate by either z = re'?
or equivalently z = r(cos 6 + isin#). The complex vector

representation is illustrated in the right panel of Figure 7.

Periodicity, Wrapping, and the Modulo Operation

As described above, the defining characteristic of circular
data is its inherent periodicity, meaning that measurements
that differ by a whole number of cycles are considered equiva-
lent. This property fundamentally distinguishes circular from
Euclidean space, where proximity and ordering follow con-
ventional numerical relationships. For example, in Euclidean
space, 1 is always closer to 3 than 10. In circular spaces,
values that may appear numerically distant can in fact be
close, for example, 1° and 359° differ by only 2° because 1°
and 361° are equivalent angles.

While conceptually any observation in a circular space can
be represented by infinitely many angular values, differing by
whole numbers of cycles, for practical purposes, it is usually
constrained to one unique value within a specific periodic
interval. According to the mathematical convention, angular
values are constrained to a positive interval [0, 27) rad. Note
that the square bracket indicates the inclusion of the lower
bound and the round bracket the exclusion of the upper bound.
This specification ensures that the same point is not included
twice, which would occur if both bounds were closed, that is,
with this definition, an observation can be assigned to 0 but
not 2.

The term “wrapping” is often used for the process of
mapping circular observations to their representative values
within a specified interval (imagine wrapping the real number
line around the unit circle, like winding thread onto a bobbin).
The process of wrapping angle 6 to the interval [0, 27) can
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be described by a modulo operation,
ewrapped = 6 mod 2n, 4

where a mod b is the least nonnegative residue of a modulo
b, that is, the smallest number > 0 that can be obtained by
subtracting an integer multiple of b from a.

An alternative convention is to constrain angular values to
the symmetric signed interval [—, ), centered on 0. For
this, the wrapping operation is

Owrapped = ((0 + ) mod 27) — 7. 5

The same operations can be used to convert angles con-
strained to one of these conventional intervals into the other.
Importantly, these operations preserve the circular topology
so that individual observations are not shifted relative to one
another; only their numerical representation is changed.

Using the signed interval [—, ) can facilitate data inter-
pretation and visualization when investigating signed devia-
tions or errors relative to areference angle (e.g., Figure 2D), or
other observations that tend to cluster around 0. It is also the
convention for certain sources of angular data. For example,
in sound localization tasks, azimuthal (horizontal) directions
are represented with O corresponding to the listener’s frontal
midline and positive values indicating deviations to the lis-
tener’s right-hand side.

Most programming languages have a built-in modulo func-
tion, but, importantly, the implementation for negative inputs
frequently differs from the least nonnegative residue assumed
above. As of the software versions available at the time of
writing (MATLAB R2026a, R-4.6.1, Python 3.14.7, NumPy
2.5.2, ES2026, C++23), MATLAB’s mod(a,b), R’s a%%b,
and Python’s a%b, or numpy .mod (a, b) all return aresult with
the same sign as the divisor b. This is acceptable for wrapping
operations, because the divisor is the length of the desired
interval (e.g., 27) and so positive. In contrast, JavaScript’s
a%b (ES2025), C++’s a%b and std: : fmod(a,b) (C++23),
and Python’s math. fmod(a,b) return an output equivalent
to —((—a) mod b) when a is negative. One solution is to
define your own mod function based on the floor function,
for example, in JavaScript:

function mod(a,b) { return(a -
b*Math.floor(a/b)) };

Alternatively, you can use the following sign-safe versions
of Equations 4 and 5, which produce acceptable results across
programming languages:

Owrapped = ((6 mod 27) + 27r) mod 27 6)
== gwrapped € [0’ 277)
Owrapped = ((6 mod 27r) + 37) mod 27) — 7 @)

Ed ewrapped € [-m,m)

Operations on Angles

When working with Euclidean variables, there exist many
operations that map real numbers to other real numbers. By
contrast, for circular variables, the need to respect periodic
equivalence means there are very few operations that map an-
gles to other angles: Essentially, these are limited to addition,
subtraction, and multiplication by integer quantities (equiva-
lent to repeated addition or subtraction). While it is possible
to perform other operations on numerical representations of
angles, the results will depend on the particular interval you
have chosen for representation. For instance, 0° and 360°
refer to the same angle, but if you attempt to divide them by
2 you will get 0° and 180°, which are different angles.

Having specified a range of angles in which to represent
circular data, we will want to represent the results of angular
addition and subtraction within the same interval. Practically,
this just means applying a “wrapping” or modulo operation,
as described above, after the usual arithmetic operation of
addition or subtraction. A familiar example of modular arith-
metic is the hour hand on a clock dial. If we subtract 2 hours
from 1 o’clock, we get 11 o’clock, not —1 o’clock. Similarly,
if we add 5 hours to 10 o’clock, we get 3 o’clock and not 15
o’clock.

The modular addition of two angles 8 and ¢ in the standard
interval [0, 27) is given by

(6 + ¢) mod 27 (3)
and modular subtraction by
(60 — ¢) mod 2 9)

The modulo operation ensures that the result always lies in
[0,27), regardless of the values of 6 and ¢. Modular sub-
traction can be used to recenter data on a particular reference
direction, or compute the angular deviation or error of an
estimate 6 from a true value ¢. In these cases, it may be
preferable to wrap the result to the signed interval [, )
using Equation 5.

Importantly, because a modulo operation changes only the
numerical representation of a circular value, it can be applied
at every step of an arithmetic calculation or only to the final
output without changing the result, for example,

((0+¢) mod 27r) +¢) mod 27 = (0 +¢+y) mod 2x. (10)

The symbols @ and © are sometimes used for modular
addition and subtraction, but this is not an established stan-
dard, so their intended meaning should always be explicitly
stated, including the interval in which their outputs are to be
represented.

Vector Equivalents of Angular Arithmetic

The modular arithmetic formulation is useful for working
directly with angles. It is also possible, and often preferable,
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Figure 8

Angular Arithmetic and Vector Summation
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Note. (A) Modular addition (as defined in Equation 8) of angles € (blue) and ¢ (red) yielding sum ¢ (green). (B) Modular subtraction (as defined in Equation 9) of angle ¢ (red)
from angle 6 (blue) yielding difference ¢ (green). (C, D) Angular distance D (6, ¢) (green) between angles 6 (blue) and ¢ (red). Although any pair of two angles can be
connected by rotation in either direction around the circle, counterclockwise and clockwise rotation lead to the smaller angle in (C) and (D), respectively. (E, F) Vector addition (as
defined in Equation 16) of two (E) or multiple (F) vectors. Blue and red arrows show the original vectors X; and summed vectors Xsum, respectively. Gray dashed arrows show the
tip-to-tail visualization where summing vectors can be viewed as connecting individual vectors sequentially.

to implement angular addition and subtraction in a vector
representation of circular data. As shown in Figure 8A, in
the standard polar coordinate system, adding an angle ¢ to an
angle 6 corresponds to a counterclockwise (positive) rotation
of the unit vector corresponding to 6. Conversely, subtract-
ing an angle ¢ from 6 corresponds to a clockwise (negative)
rotation (Figure 8B).

In Cartesian coordinates, rotation of vectors is achieved by
multiplying by a rotation matrix. A rotation of a vector with
coordinates [x, y] through an angle ¢ about the origin O can
be expressed in matrix form as:

[x
y

-

The rotation is counterclockwise in standard coordinates if
¢ is positive, and clockwise if it is negative. If [x, y] is
a unit vector corresponding to angle 6, then [x’, y’] is an-
other unit vector corresponding to angle 6 + ¢. Rotation
matrices are a relatively cumbersome way of implementing

—sin¢
cos ¢

cos ¢
sin ¢

an

angular arithmetic, but they find considerable application in
computer graphics, including 3D graphics where rotations in
three dimensions are expressed analogously as 3 X 3 matrices.
Importantly, in computer graphics software, pixel locations
on a two-dimensional display are usually represented in a
nonstandard “left-handed” Cartesian system, with y increas-
ing downward instead of upward, x increasing to the right, and
the origin at the top-left corner of the display. In this system,
all coordinates lie in the first quadrant where x > O and y > 0.
The inversion of the y-axis reverses the sense of rotation,
so for screen coordinates [x, y], the rotation described by
Equation 11 is clockwise for positive 6.

For circular values represented as unit vectors in the com-
plex plane, the addition and subtraction of angles correspond
to multiplication and division, respectively. That is, if z; and
7 are two unit complex numbers corresponding to the angles
6 and ¢, then their product is
0. i = (i(0+9)

2z =e (12)
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yielding a new unit vector representing the angle 6 + ¢. Simi-
larly, the subtraction 6 — ¢ corresponds to dividing the vector
representation of 8 by the vector representation of ¢:

<1 el? i(g—

it (6-9) (13)
The complex representation therefore provides a simple and
mathematically elegant implementation of angular arith-
metic, in which the “wrapping around” of large angle changes
is taken care of automatically by the geometry of the complex
plane. Many programming languages have support for com-
plex numbers built-in (e.g., in both MATLAB and Python you
can create complex numbers by typing 1j for the imaginary
unit i and they will work with all the usual math operators and
functions), whereas other languages have well-established li-
braries that implement them (e.g., math.js for JavaScript).
Note, however, that the complex representation of circular
variables does not have convenient extensions to spherical
or higher-dimensional directional variables: The polar and
Cartesian representations provide better starting points for
working with those kinds of data.

Measuring Distance

The periodic equivalence of circular data means careful
consideration must be given to the measurement of distances.
The Euclidean distance between two points on the real number
line is just the absolute value of their difference, calculated
equivalently as either |x — y| or |y — x|. By contrast, given
two angles 6 and ¢ corresponding to two points A and B
on the unit circle, their angular separation can be measured
either clockwise or counterclockwise, yielding two different
distances that add up to one complete cycle. The angular dis-
tance is typically taken as the smaller of the two, equivalent
to the shortest arc length between A and B (Figures 8C and
8D). This can be calculated as

D(6,¢) = min(|0 - ¢|, 27 — |0 — ¢])

14
==l =10 - glI. o

where the circular variables 6 and ¢ must be represented in
the same interval of range 2, for example, [0, 27) or [-n7, 7).
The resulting distance always lies in [0, 7] and it captures
the magnitude of the angular separation, without regard to its
direction. Note that the angular distance is not itself a circular
variable.

An alternative measure of separation between circular vari-
ables, and one that is in a sense more “natively” circular, is
the cosine dissimilarity (also cosine error), defined as

Dcos(0,0) =1 —cos(60—¢) =1 —cos(¢p —0). (15)

The cosine dissimilarity lies in the range [0,2], with 0
and 2 corresponding to the minimum and maximum possible

separation of 0 and m rad, respectively. This measure of
distance can be conceptualized as a circular analogue of the
squared Euclidean distance and plays a similarly important
role in circular statistics, including in the definition of circular
variance, as we will discuss in Section Circular Variance. In-
deed, with respect to the vector representation of angles, the
cosine dissimilarity is equal to half the squared straight-line
distance between points on the unit circle, that is, %HA -BJ|?
in the Cartesian representation or %|zl — 22/? in the complex
representation. For unit vectors with small differences in an-
gle 0, the straight-line distance and the angular distance are
approximately equal, so the cosine dissimilarity 1 — cos(0)
converges to %2. Note that, like angular distance, the cosine
dissimilarity is not a circular variable.

In study design, circular distance becomes relevant when
a minimum or maximum separation between angular values
must be ensured. Such constraints allow continuous rather
than discrete variables while keeping points neither too close
nor too far apart. For instance, experimental stimuli could be
sampled with a minimum circular distance so they remain per-
ceptually distinct, or ambulatory-assessment surveys sched-
uled at random times subject to a maximum gap between
them. A method for sampling from a uniform distribution in
circular space while ensuring a minimum separation between
values is provided in Appendix C.

Vector Summation

We described above how addition and subtraction of an-
gles can be represented as rotation of unit vectors in the
real or complex plane. In subsequent sections we will see
that vector representations provide a general foundation for
the analysis of circular data. This includes the definition of
circular analogues of mean and variance, which are based on
vector summation.

The vector sum of two unit vectors, Xy and X3, is illustrated
geometrically in Figure 8E, with vectors represented by ar-
rows. If we shift one vector arrow, for instance x;, without
rotating it, from the origin O to a point where its tail coincides
with the tip of the other vector arrow Xy, then we can draw
a vector sum, also called the resultant vector, as an arrow
connecting the origin O with the tip of the shifted vector.
The three vectors Xxq, X3, and X + X, form the so-called vector
triangle.

To sum vectors defined in Cartesian coordinates, add up x
and y coordinates separately,

X1 X2
X1 +X3 = +
Y1 y2
For a complex vector representation, real and imaginary parts
sum separately,

X1+ X2

. 16
yit+y2 (16)

z1+z2=(a+ib)+(c+id)=a+c+i(b+d). (17)
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When summing more than two vectors, the order of ad-
dition does not affect the result. For example, we have:
(X1 + X3) + X3 = X1 + (X3 + x3). Geometrically, each vector
can be placed tip-to-tail in sequence. The resulting chain of
vectors forms a vector polygon, and the resultant vector is the
one that connects the origin to the tip of the final vector in the
sequence (Figure 8F).

Visualizations of Circular Data

Visualizing circular data requires approaches that respect
its inherent periodicity and directional nature. A key deci-
sion to make is whether data are unwrapped onto a line and
represented in a Euclidean coordinate system or represented
in a two-dimensional polar coordinate system — where angle
is mapped to direction (6) and magnitude to radius (r). In
some cases, linear and polar visualizations convey similar
information, whereas in others, one format provides a much
clearer or more intuitive representation of the data. This sec-
tion will outline common approaches and potential pitfalls in
the visualization of circular data, concluding with a discus-
sion of methods for visualizing summary statistics. We also
provide practical guidance on producing these visualizations
in commonly used programming languages.

Linear Representations of Circular Data

One common way to visualize circular data is by unwrap-
ping it into a linear histogram along the circular dimension,
using binned counts (absolute or relative frequencies) or con-
tinuous density estimates. This requires two key decisions:
selecting the interval and — as for Euclidean data — defining
the bins. Both the standard interval [0, 27) and the signed
interval [—m, ), are common choices for linear visualiza-
tions. The latter is especially useful if there is a meaningful
zero point, such as for errors relative to a reference angle.
The choice of the interval determines the wrap-around point,
which critically affects how clearly the structure of the data is
displayed. When data are unimodal and highly concentrated,
a linear histogram can closely resemble a standard histogram
of non-circular data and often provides a simple, interpretable
summary. In such cases, the interval should be chosen so that
the region of highest density lies in the center of the x-axis.
For multimodal distributions, boundaries should, where pos-
sible, be positioned in regions of low density to ensure that
all modes are clearly represented. For instance, in Figure 9A,
the shape of the distribution around the dominant mode is
clearly presented, while the secondary mode is positioned
too close to the boundary, leading to density spilling over to
the opposite side of the plot.

As for Euclidean data, the choice of bin size further shapes
the appearance of the histogram: wider bins “smooth” over
noise but may conceal fine structure in the data, whereas
narrower bins reveal more detail but are susceptible to spu-
rious fluctuations (Figure 9B). Common rules for selecting

the size and number of bins in Euclidean space (e.g., Freed-
man & Diaconis, 1981; Scott, 1979, 2010; Sturges, 1926)
are sometimes applied to circular data by treating angular
values as lying on the real number line. However, heuristics
based on dispersion measures may perform poorly in circular
space and even yield pathological results, such as vanishing
bin widths for near-uniform data. Currently, no universally
accepted bin-selection rule exists for circular histograms. In
practice, researchers often use a fixed number of bins. Cru-
cially, bin widths and locations should be selected so that
edges coincide with the boundaries of the presentation in-
terval. Another consequence of mapping circular data to a
linear axis is that subgroup visualization no longer requires
any circular-specific treatment; the same methods used for
Euclidean data apply directly, including grouped, overlaid, or
stacked histograms (e.g., Figure 91).

A related method is to plot a linear continuous density
curve, which provides a smoothed representation of the dis-
tribution. For sufficiently dense data, continuous density
curves intuitively summarize the overall structure of the dis-
tribution without being tied to arbitrary bin edges. However,
as for bin size in histograms, the choice of smoothing pa-
rameter strongly influences the result: too much smoothing
can mask structure, while too little smoothing exaggerates
noise (Figure 9C). Additionally, a smoothing algorithm that
takes into account the connectedness of the two ends of the
interval must be chosen. As for the Euclidean case, circular
continuous density plots are not appropriate for discrete or
heavily rounded data or for sparse data, where density es-
timates can be unstable or misleading. For a short review
of nonparametric methods for smooth density estimation of
circular data, see Chaubey (2022).

The empirical cumulative distribution function (eCDF)
summarizes the data without requiring a choice of bin size
or smoothing parameter (Figure 9D). It shows the cumulative
proportion of observations along the circular axis and can
help highlight changes in density while avoiding some of
the visual noise of histograms. Like other linear represen-
tations, however, eCDFs still require choosing an interval,
and selecting the interval so that the wrap-around point lies
opposite the region of highest concentration helps to center
the distribution.

For producing linear plots of circular data, readers can use
the same software and functions familiar from visualizing Eu-
clidean data. For this, it is essential that the data are correctly
wrapped (i.e., mapped to their representative values within
the interval selected for visualization), and if applicable, that
density estimation is conducted using methods accounting for
the periodicity of the data. Once the circular data are appro-
priately preprocessed, linear plots can be generated by using
the same software for (binning and) plotting as for Euclidean
data.
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Figure 9

Visualization of Circular Data in Linear and Polar Spaces
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Note. (A) Linear histogram of a bimodal circular distribution. Bars show the empirical density estimated from a random sample (N = 9,000), and the line shows the corresponding
theoretical distribution. (B—F) All plots show the same sample data (N = 90) drawn from the theoretical distribution shown as the line in (A). (B) Effect of bin widths on the
representation of circular data. Both histograms show the same data but with coarse (blue, 11 bins) and fine (red, 111 bins) binning. (C) Effect of smoothing strength on circular
density estimation. Both curves represent the same data with stronger (blue) and weaker (red) smoothing. (D) Empirical cumulative distribution function. (E, F) Polar histograms
showing density as a function of angle: polar histogram with wedges (E) and wrapped bar histogram with rectangular bars (F). (G) Polar plot of von Mises distributions (circular
normal distributions, see the Probability Theory and Models for Circular Variables section) with probability density plotted in the radial dimension. Note that dense regions appear
exaggerated, whereas sparse regions are understated because area scales with the square of the radius. (H) Polar plot of the same von Mises distributions as in (G) with the square
root of probability density on the radial axis. This area-proportional mapping ensures that enclosed areas are linearly proportional to density. (I, J) Stacked histograms of the same
data with two subgroups (blue and red) layered one on top of another in polar (I) and linear circular space (J). Note that the red subgroup is approximately uniformly distributed.
However, as area grows with the square of the radius in rose plots, bins of the red subgroup appear larger for bins where density in the blue subgroup is higher in the polar
representation (I). (K, L) Representations of cylindrical data with one circular and one Euclidean dimension. (K) Polar scatter plot showing cylindrical data with the circular and
Euclidean dimensions represented by angle and distance from the center, respectively. (L) Polar heat map showing a large number of samples drawn from the same distribution as
data in (K). Density is represented smoothly by a change in hue across both angular and radial dimensions.
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Polar Representations of Circular Data

We saw that linear visualizations such as histograms and
eCDFs are intuitive and effective for concentrated, unimodal
data. However, they may obscure structure in more dispersed
or multimodal distributions, especially near wrap-around
points. In such cases, polar visualizations often provide a
clearer representation.

Polar histograms are widely used for polar representation
of circular data (Figures 9E and 9F). The rose plot is a type
of polar histogram that represents frequency data as radial
wedges of equal angular width radiating from the center of
a circle (Figure 9E). The height of each wedge indicates the
number or proportion of observations in that angular bin.
Unlike linear histograms, this approach preserves the conti-
nuity of the circular scale and avoids edge artifacts introduced
by unwrapping. It also makes features such as the central
tendency and directional biases easier to see. However, the
representation is still influenced by the choice of bin size and
the placement of the bin edges (for an illustration, see Figure 1
in Wells, 2000).

Analogous to its linear equivalent, a polar continuous den-
sity curve maps the smoothed density around the circle (Fig-
ures 9G and 9H). This representation conveys the same infor-
mation as the linear density plot but emphasizes the cyclical
structure of the data and does not require choosing a wrap-
around point. As before, the choice of smoothing parameter
strongly influences the result, and continuous density plots are
also unsuitable for sparse data and data rounded to a coarse
resolution, where density estimates can become unstable. A
key consideration in polar representations is how magnitude
is mapped to radial distance. Because the area of a polar
region (i.e., a wedge or the area under a smooth curve) grows
with the square of its radius, mapping frequency or density
directly toradial height causes area to scale quadratically (Fig-
ure 9G). This distorts the apparent magnitude because small
differences in height translate into large differences in area.
As aresult, dense regions are spatially overrepresented, while
sparse areas are understated and difficult to distinguish. The
problem arises for both binned counts and smooth densities.
To correct this, radial height can be mapped to the square root
of frequency or density (Mardia & Jupp, 2009). This ensures
that the area of each sector is linearly proportional to the ac-
tual quantity, making sector areas directly comparable across
angles. However, this comes at the cost of interpretability of
the radial axis: because radial distance now represents the
square root of frequency or density, values can no longer be
read directly from the radius. Figure 9H shows continuous
density plots of the same data as Figure 9G, using an area-
proportional representation. For a more extensive discussion
on this topic, see Xu and Wang (2020).

A version of polar histograms that avoids a distorted rep-
resentation of area is wrapped bar histograms, which use
rectangular bars arranged around a reference circle instead

of wedges (Figure 9F). The base of each bar is aligned with
the reference circle’s circumference, and the radius of the
reference circle is set arbitrarily to ensure that the bars fit
around its perimeter. This method effectively wraps a lin-
ear histogram around a circle, preserving the height of each
bar relative to its linear counterpart. This approach avoids
the distortions of apparent magnitude typical of wedge-based
rose plots, because both height and area are proportional to
frequency. However, the gaps between adjacent bars compli-
cate overlaying smooth density curves: to remain consistent
with bar heights, density must be mapped to height rather
than area; as a result, area under the density curve can mis-
represent magnitude, with a disproportionately larger area
plotted around longer bars compared to shorter bars. For a
more detailed discussion of polar histograms and their design
considerations, see Sanderson and Peacock (2020).

Stacked polar histograms (Figure 9I) can be used to show
subgroup compositions within each angular bin. Annular
sectors corresponding to different groups are layered radi-
ally one on top of another. However, this design inherits
the same distortion mentioned previously: subgroups farther
from the center occupy disproportionately more area, even
when counts are equal. This occurs because area increases
with the square of the radial distance, so visually compar-
ing sector sizes can give a misleading impression of the un-
derlying proportions. Stacked linear histograms show sub-
group magnitudes in a clearer way (Figure 9J), even though
the stacked representation still makes it difficult to compare
the same subgroup across bins or relative subgroup contri-
butions within a bin. For these comparisons, alternatives
such as grouped polar bars, unstacked linear histograms,
or proportion-normalized plots provide more reliable sum-
maries.

To produce polar plots, MATLAB provides the built-in
function polarplot. In R, a linear plot generated with
ggplot2 (Wickham, 2016) can be transformed into a po-
lar representation by adding coord_polar() as a coordi-
nate layer; alternatively, polar plots can be directly cre-
ated using the polar.plot function from the package
plotrix (Lemon, 2006). In Python, the visualization li-
brary matplotlib (Hunter, 2007) supports polar plotting
viathe polar projectioninmatplotlib.pyplot.subplot.
For special considerations when creating polar plots of time-
series data, refer to Lee Rodgers et al. (2014).

Visualizations of Cylindrical Data

Data consisting of paired circular and linear variables is
referred to as cylindrical. Examples include the pairing of
movement direction and amplitude, and pairs of visual fea-
tures like edge orientation and spatial frequency. One way of
visualizing cylindrical data is a polar scatter plot, where each
point is positioned according to its angle around the circle and
its distance from the center (Figure 9K). For large datasets
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or continuous variables, scatter plots can become cluttered
and difficult to interpret. In these cases, polar heatmaps offer
a useful alternative (Figure 9L). Such plots summarize data
density or intensity smoothly across both the circular and
radial dimensions, making it easier to identify patterns in the
data. Cylindrical data can also be represented using two-
dimensional Cartesian plots, where one axis corresponds to
one period of the circular data displayed in linear form.

Polar scatter plots can be generated using MATLAB’s
built-in function polarscatter, the polar projection with
scatter in matplotlib (Hunter, 2007) in Python, and
geom_point () combined with coord_polar() inggplot2
(Wickham, 2016) or radial.plot from plotrix (Lemon,
2006) in R. Polar heatmaps can be implemented by first
converting values to Cartesian coordinates using the trans-
formations defined in the Representations of Circular Data
section and then applying standard two-dimensional binning
and rendering functions familiar from generating heatmaps
of Euclidean data.

Visualizing Summary Statistics

While histograms and density plots illustrate the overall
distribution of data, visualizations of summary statistics con-
vey key properties, such as the dominant direction in the data
or how strongly clustered the observations are. Some of the
concepts that we will introduce in this subsection (e.g., mean
vector and circular median) are explained in greater detail
in the Descriptive Statistics of Circular Data section. For
now, the focus is on how these statistical summaries can be
effectively represented in visual form, rather than on details
of their calculation.

Rayleigh plots (Figure 10A and 10B) provide a simple and
informative way to visualize both individual data points and
summary statistics in a single plot. They are related to circu-
lar histograms but — in addition to individual observations —
also visually summarize central tendency and spread. Instead
of grouping observations into bins, Rayleigh plots represent
each data point as a mark positioned at its corresponding
angle on the circumference (Figure 10A). While typically
used for ungrouped data, Rayleigh plots can be adapted for
grouped data. In such cases, or when multiple observations
share the same angle, instead of being overlaid, points can
be stacked radially to show frequency (Figure 10B). Stacking
points makes individual observations easier to distinguish
compared to the classic Rayleigh plot, where overlapping
points can obscure one another. A distinctive feature of the
Rayleigh plot is the mean vector, drawn as an arrow from
the center of the circle. The angle of this arrow indicates
the direction of central tendency, while its length reflects the
spread of the data. Thus, it provides an intuitive summary of
both the main direction and the consistency of observations
around it. For a more detailed mathematical definition of the
mean vector, see the Circular Mean section.

For Euclidean data, a box plot typically displays lower
quartile (Q1), median, upper quartile (Q3), with additional
elements indicating the spread beyond the quartiles and po-
tential outliers. Circular box plots (Figure 10C and 10D)
aim to represent similar features but face unique challenges
due to the periodic nature of angular data. A critical chal-
lenge is that, in circular space, the median and quartiles are
not always uniquely defined, particularly in multimodal or
uniform distributions (see the Circular Median section). If
these order statistics are not uniquely defined, a circular box
plot cannot be uniquely defined either. Despite this limi-
tation, various implementations attempt to visualize the an-
gular spread and central range using arcs or radial sectors
to represent interquartile ranges, with additional markers for
extreme values when identifiable. Like other visualizations
of circular data, circular box plots can be displayed either on a
circular (Figure 10C) or linear scale (Figure 10D). The circu-
lar format can be particularly useful for comparing multiple
circular variables or groups, where box plots are positioned
at increasing radii. However, comparing such box plots can
be misleading: box plots plotted farther from the origin will
be physically longer than those closer in, even if their angular
spreads are identical. This can distort the perceived variabil-
ity and exaggerate or diminish differences between groups. In
the example shown in Figure 10C and 10D, the three groups
appear more different in terms of spread when displayed on
a circular plot compared to a linear one. To support inter-
pretation, circular box plots can include radial grid lines and
concentric circles, which serve as visual reference points for
comparing angular spread and position across groups plotted
at different radii.

The implementation of Rayleigh plots follows the same
approach as described for polar scatter plots, with the ra-
dius of each point fixed to a constant value for ungrouped
data or incremented radially for each observation shar-
ing the same angle for grouped data. The mean vector
can be added as an arrow using quiver in MATLAB,
annotate with arrowprops inmatplotlib in Python, and
geom_segment () in ggplot2 in R. For a more detailed dis-
cussion of possible ways to implement circular box plots,
refer to Abuzaid et al. (2012) and Buttarazzi et al. (2018).

Descriptive Statistics of Circular Data

In this section, we will review the descriptive statistics
most commonly used to summarize circular datasets. For
each statistic, we will give its mathematical definition, the
intuition behind it, and its relationship to the corresponding
Euclidean statistic. Where applicable, we will also discuss
the circumstances under which Euclidean approximations of
circular measures provide acceptable accuracy. As mentioned
in the introduction, mathematical notation in circular statis-
tics is less standardized than in Euclidean contexts. Some
of the symbols introduced in this section represent our own
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Figure 10

Visualization of Summary Statistics
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Note. (A, B) Rayleigh plots. The arrow indicates the mean resultant vector (see Section Circular Mean). (A) Rayleigh plot showing 35 individual observations (dark gray circles).
Note that it is not possible to see whether multiple observations share the same value. (B) Stacked Rayleigh plot of the same data shown in (A) but now binned into 5° intervals,
with observations stacked radially within each bin. (C, D) Box plots summarizing three groups of circular observations with circular median (bold line), interquartile range from
the 25th to the 75th percentile (opaque box), range of data not including outliers (whiskers), and outlier values (dots). Note that data dispersion is similar for Group 1 (red) and
Group 3 (green), which is apparent in the linear representation (D). In the polar representation (C), the radial distance between the two groups gives the impression that Group 1 has

a higher dispersion.

suggested notation (for an overview, see the middle column
in Table 1). For a discussion of the corresponding popula-
tion parameters and their estimation, see Section Probability
Theory and Models for Circular Variables.

Central Tendency
Circular Mean

A basic requirement of any statistic calculated from circu-
lar data is that it respects the equivalence of angles separated
by a whole number of cycles, for example, that it is unchanged
if we describe a data point as 360° instead of 0°. The usual
definition of the arithmetic mean %Z;‘zl x; does not fulfill
this requirement. However, the problem of identifying a
circular counterpart to the Euclidean mean turns out to be
even more fundamental in nature. Consider a data sample
consisting of the four cardinal directions (0°, 90°, 180°, and
270°). Intuitively, no single direction can be identified as its
average. It is clear that a different conception of mean value
is required for circular data: the centroid, or center of mass,
fulfills the requirements.

In Euclidean space, the arithmetic mean is equivalent to
the centroid of the set of points x; on the real number line.
This idea can be illustrated using the analogy of a seesaw:
Placing equally weighted balls at each location x; on a beam,
the mean corresponds to the center of mass, or the position
of a fulcrum that balances the system. We can extend this
concept to circular data by treating each angle 6; as a point
on the unit circle (the embedded representation introduced
in Section Polar Coordinates). In this case, the centroid lies
inside the circle rather than on its circumference (purple dots
in Figure 11). The analogy is to a disk with equally weighted
balls placed along its edge at angles 6;. Placing a small
plinth underneath the disk to keep it balanced would require

positioning it closer to the center and not on the edge. The
position of the plinth reflects the location of the center of
mass.

The direction of the center of mass from the origin defines
the circular mean — a generalization of the linear mean that
respects the periodic and directional nature of circular data.
It is the same as the direction of the resultant vector (the sum
of the n unit vectors corresponding to the data; see Section
Vector Summation). The two-dimensional location of the
centroid can be obtained by scaling the resultant vector by %
The length of this mean resultant vector contains information
about the spread of the data, as we will see in Section Mea-
sures of Dispersion. If the mean resultant vector has length
1, the circular mean is undefined, as this indicates complete
directional cancellation, as in a uniform distribution.

As described in Section Complex Coordinates, a two-
dimensional vector can be conveniently represented by a com-
plex number. When represented in this way, we will denote
the mean resultant vector by 7 (the origin of this notation
will become clear in Section Circular Moments). It is defined
as

my = — y €% =Re, (18)
n 4
i=1

where R = || is the modulus or length of the mean resultant
vector and 6 = arg(im1) is its argument or direction, which

defines the circular mean.
The mean resultant vector can alternatively be represented
in polar coordinates, as (6, R), or in Cartesian coordinates as

1{2z no
— |2 cosB;, D sinb;]. (19)
nli=1 i=1

R can also be calculated using the Pythagorean formula with
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Figure 11

Center of Mass and Central Tendency of Circular Data
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Note. The panels display samples of 12 (A,C) or 11 (B) data points on the unit circle. Each data point 6; corresponds to a complex number e'? with unit length. The purple dots
and arrows show the center of mass and the mean resultant vector for each sample. The circular mean, 0, is the angle of this vector, and the mean resultant vector, R, represents its
length. The sample in (B) has the same circular mean as the one in (A), but the center of mass is closer to the center of the circle as the sample displays a higher spread. (C)
displays the most dispersed sample, with the center of mass close to the center of the circle. The red points in (A—C) show possible values of the median of the different samples;
the red arcs in (A) and (C) mark the range within which each median could fall. Note that the median of the odd number of data points in (B) is unique. Medians are presented

outside of the circle to avoid overlapping with data points.

the x- and y-components of the Cartesian resultant vector,

- 1 ¢ e . ?

R = ;;cosai + ;;smﬁi , (20)
~ 1 v 1 v
0 = atan2 ;Zsin@i,;Zcosei s 21

i=1 i=1
recalling from Section Representations of Circular Data that
atan? first takes the vertical and then the horizontal compo-
nent.
The circular mean @ is the angle that maximizes the sum
of cosines of angular distances between each data point and
that angle:

n

0 = argma cos(; — o). (22)
)

Equivalently, we can say it is the angle with the minimum
summed cosine dissimilarity from the data (see Section Mea-
suring Distance). This is analogous to the way the Euclidean
mean minimizes the sum of squared deviations from the data.

In the special case that data points are concentrated in a
small region of the circular space, some (but not all) circular
statistics can be approximated by their Euclidean counter-
parts. Specifically, if we choose an interval in which to
represent the circular data such that the data are tightly con-
centrated in their center (e.g., [—, ) if the data are concen-
trated around 0), then the “wrapping around” at the bounds
of the interval will have a negligible effect. In this case, the
Euclidean mean will closely approximate the circular mean.

Formally, we can approximate sine and cosine by sin(6;) ~
6; and cos(f;) ~ 1 (red dashed lines in Figure 12A and
12B). Inserting these approximations into Equation 21 yields
the Euclidean mean: § ~ atan2 (1 37 6;, 1) =1y 0.
However, this approximation of cosine is only sufficiently
precise for very small angles 8; = 0. As an alternative that is
suitable for concentrated data that span a larger arc, we can
use the second-order expansion cos(8; — ¢) = 1 — %(91- - ¢)?
(green dashed line in Figure 12B). If we apply this to Equa-
tion 22, we obtain § ~ argming Y, (6; — $)*. The right-
hand side coincides with the variational characterization of
the Euclidean mean that defines it as the value that minimizes
the sum of its squared distances from all data points.

Circular Median

In Euclidean space, the median of a sample separates the
data into an upper half and a lower half. Similarly, the sample
circular median can be described as splitting the data into
a clockwise half, contained in the interval (Omed — 7, Omed),
and a counterclockwise half, in (Omed, Omed + 7). However,
in circular space, for any direction ¢ that meets this criterion,
the diametrically opposite direction ¢ + 7 does so as well.
To resolve this ambiguity, the circular median is defined as a
point on the circle that minimizes the sum of angular distances
between each data point and that angle,

n
Omeq = argmin )" D(6;,9), (23)
|
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Figure 12

Euclidean Approximations of Circular Measures
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Note. (A, B) Approximations of sine (A) and cosine (B) for small values. (C) Approximation of circular variance; relationship between circular variance and circular standard
deviation. Blue continuous lines represent exact values; dashed lines indicate approximations.

where D(6;, 6;) denotes the shortest arc length between two
angles (see Section Measuring Distance). Of the two opposite
directions that split the data in two, this identifies the circu-
lar median as the one more strongly in the overall direction
of the data. This definition is analogous to the Euclidean
median, which can be defined as a point that minimizes the
summed absolute distance from the data. If the number of
data points is odd, one of them satisfies Equation 23 (red dot
in Figure 11B), but if the number is even, the set of solutions
is an interval subtended by two neighboring data points (red
arcs in Figures 11A and 11C). In this case, it is usual to take
the midpoint of the interval as the circular median. This
all corresponds closely to the way the median is identified
in Euclidean data. Note, however, that for certain precise
geometric arrangements of data points, the circular median
is still not uniquely defined. As a trivial example, for any
odd number of data points arranged evenly around the circle,
every data point has an equal claim to be the circular median.

The circular median is less sensitive to extreme observa-
tions or outliers than the circular mean, and can provide a
robust measure of central tendency, similarly to the median
versus the arithmetic mean in Euclidean space (see Section
Outlier Classification and Exclusion). When most data points
are clustered in a small region in the interior of an interval
of 2x, the circular median is approximately equal to the Eu-
clidean median calculated over that interval.

Circular Mode

The circular mode of a sample is the most frequently oc-
curring angle, taking into account the equivalence of angles
separated by whole numbers of cycles. As in the Euclidean
case, the circular mode is strictly only defined for discrete
data, but the term may also be used in a looser sense to

0 0.5 1 0 0.5 1
0 (rad)

Circular variance (1 - R)

describe peaks in a histogram or smoothed density estimates
of continuous data. Whereas the global mode is rarely used to
estimate central tendency for continuous circular data, local
mode estimates are relevant for several applications, includ-
ing multimodality testing (Ameijeiras-Alonso et al., 2019;
Bol6n et al., 2025) and mode-based clustering approaches
(Chang-Chien et al., 2012; Y. Zhang & Chen, 2021).

Measures of Dispersion
Circular Variance

As mentioned above and displayed in Figure 11, the mean
resultant length R conveys information about the spread of
a data sample, by quantifying how tightly the angles cluster
around the mean direction. Specifically, R lies in the range
0 < R < 1, with R = 1 indicating perfect alignment of
all angles (i.e., maximum concentration) and R = 0 implying
complete directional cancellation (i.e., maximum dispersion).

The sample circular variance is defined as
Vo:i=1-R, 0<Vyp<1, (24)

reflecting the inverse relationship between R and spread.
The circular variance is equal to the average cosine dis-
similarity between the data points and their circular mean,

Vo =

S| =

Z (1= cos(6; - 0)), (25)
i=1

in the same way that the Euclidean variance is the average
squared deviation from the arithmetic mean. Unlike many
other circular statistics, the circular variance of clustered data
is not approximately equal to the corresponding Euclidean
measure. Instead, for data that are concentrated within a
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small arc of the circle, circular variance is approximately half
the value of the Euclidean sample variance (red dashed line in
Figure 12C). This is a consequence of the fact that for small

0,1 —cos(6) ~ %2

Circular Standard Deviation

In Euclidean statistics, variance is expressed in squared
units of the data; to quantify dispersion in the same units as
the data themselves, the standard deviation is defined as the
square root of the variance. However, applying this transfor-
mation to the circular variance, which takes values in [0, 1],
would not yield a measure of spread in radians or any other
natural angular units. Instead, the circular standard deviation
Sg, 1s defined as

sg:= V=2InR = /-21n(1 = V). (26)

This definition might seem arbitrary and a bit peculiar, but
it has a logic based on the Gaussian or normal distribution.
Specifically, if you wrap a Gaussian probability distribution
with standard deviation o around the unit circle (Section
Wrapped Normal Distribution), the resulting distribution will
have a circular standard deviation equal to o, based on this
definition. In other words, s¢ is the standard deviation of a
normal distribution wrapped around the circle that has the
same mean resultant length as the data.

Importantly, the logarithm in Equation 26 converts the
bounded range of R into an unbounded scale. As R ap-
proaches 1, sg approaches 0, corresponding to maximum
concentration. Conversely, as R approaches 0, s¢ tends to
infinity, that is, maximum spread (blue line in Figure 12C).
Thus, s¢ can in principle take arbitrarily large values, just
like the Euclidean standard deviation, even though the data
are geometrically confined to a circle. Provided sy is substan-
tially smaller than the maximum angular distance of a point
from the circular mean (s¢9 < 7), it can be interpreted as a
standardized measure of dispersion in angular units, directly
comparable with s in Euclidean space. However, once sy
approaches or exceeds m, although it remains a valid measure
of spread, the interpretation in angular units breaks down,
because the topology of the circle means angular distances
are confined to at most 7 rad.

For data concentrated within a small arc of the circle, sg
can be well approximated by its Euclidean equivalent s. In
this regime, R is close to 1; thus, the circular variance Vg =
1 — R is close to 0. Using the Taylor expansion In(1 +x) =~ x
for small x, we obtain sg = —2In(1-Vy) = \/E. As
discussed in Section Circular Variance, for concentrated data,
2V is approximately equal to the Euclidean sample variance,
S0 s¢ is approximately equal to the Euclidean sample standard
deviation, s.

Circular Moments

To calculate circular mean, variance, and standard devia-
tion, we used the mean resultant vector, which can also be
characterized as the first circular moment of the data distribu-
tion. Circular moments, also called trigonometric moments,
form an important class of summary statistics. They act as
a “fingerprint” of the distribution, allowing complex patterns
to be summarized by a few interpretable numbers.

In Euclidean statistics, the p-th moment of the sample
distribution is the arithmetic mean of the p-th power of the
data values, % i xf’ . However, this definition does not trans-
fer directly to circular data, because it ignores periodicity
and directionality. To properly capture the geometry of the
circle, powers of 6 are replaced with powers of the complex
exponential !¢ = cos 6+i sin 6, which is periodic with period
2.

The p-th sample circular moment is therefore defined as

~ 1O o 5 6
mpy = ;l:zlelp =R, er. 27

The first circular moment, 1, is the mean resultant vec-
tor (Section Circular Mean), its modulus |7,| is the mean
resultant length R, and its argument or phase arg (i) is the
circular mean #. More generally, the modulus and argument
of each circular moment 71,, yield interesting statistics.

The argument of the p-th circular moment,

6, := arg(imp)
1< 1< (28)
= atan2 | - Z sin(p6;), — Z cos(pb;)

e i
corresponds to the mean direction of the data when consid-
ered modulo 2%, that is, when directions separated by 27”
are treated as equivalent. Higher-order moment arguments
generalize the circular mean to capture dominant symmetries
in circular data. For instance, 0, gives the dominant axis
when opposite directions are treated as equivalent, whereas
05 points to the orientation of a threefold (trimodal) arrange-
ment.

The modulus or length of the p-th moment

2 2
_ ~ 1< 1<
Rp = |mp| = (; ZCOS(p@i)) + (; ZSln(Pei)) >
i=1 i=1
0<R,<1
(29)

measures how strongly the data cluster when considered mod-
ulo 27”. Across orders, a value of R;, = 0 indicates complete
uniformity around the circle. R, = 1 corresponds to perfect

alignment of the data wrapped onto a circle of length 27”,
which has different implications for different values of p. For
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p = 1, this means all observations fall at the same angle, for
p = 2 they can be split between two opposite angles, and so
forth.

While the argument and the modulus of the first circular
moment describe central tendency and spread, higher-order
circular moments allow us to characterize further aspects of a
distribution’s shape and symmetry. We turn to these measures
in the following sections.

Circular Skewness

Skewness describes the asymmetry or lopsidedness of a
distribution. In Euclidean statistics, a nonzero skewness
statistic indicates that the data spread further from the mean
in one direction than the other, with its sign corresponding
to the direction of the long tail; it is calculated as the third
moment of the z-scored (standardized) data. Circular skew-
ness extends this concept to periodic data, quantifying the
asymmetry of a distribution around the circular mean. The
sample circular skewness is defined by Mardia (1975) as

RQ Sin(éz - 29_) 11
o= -3 T3

n

Y ‘79% . ; sin2(6; — ), (30)
where the second expression illustrates that, analogously to
z-scoring in Euclidean space, the data are centered on the
mean 6 and normalized by the variance Vg. In line with
its Euclidean equivalent, a circular skewness of O indicates
symmetry, whereas larger deviations from 0 reflect increasing
asymmetry (Figure 13A). However, a positive value indicates
that the long tail is in the negative (clockwise) direction from
the mean (green line in Figure 13A), whereas a negative value
indicates a longer positive (counterclockwise) tail (red line in
Figure 13A) — the opposite sense to the Euclidean skewness.
For data concentrated in the interior of a 2 interval, the circu-
lar skewness is not approximated by the Euclidean skewness
g, directly but rather by

3
g 228, 3D

where the negative sign reflects the reversal of sense described
above and the power-of-two scaling is due to the fact that
circular variance approaches half the Euclidean variance for
concentrated data (Section Circular Variance).

Circular Kurtosis

Kurtosis describes how much probability mass lies in the
tails of a distribution. The Euclidean sample kurtosis b, is
the fourth moment of the z-scored data. As with skewness,
z-scoring makes the kurtosis invariant to shifts or scaling of
the data. A Gaussian distribution has a kurtosis of 3, and as
a result, the excess kurtosis of a sample in Euclidean space
is defined as g, = by — 3. The distribution of a typical
unimodal sample with positive excess kurtosis has a narrow

peak around the mean and, extending away, heavier tails than
the Gaussian distribution. Conversely, the distribution of
a sample with negative excess kurtosis is flatter and more
spread out around the mean. The sample circular kurtosis is
defined by Mardia (1975) as

R cos(6, —20) — R*
829 = -
¢ (1-R)3

1 (1< -
—ZcosZ(Gi—H)—R .

== n
V(-) i=1

(32)

Itis the circular counterpart of Euclidean excess kurtosis. The
reference point for zero circular kurtosis is the wrapping of the
Gaussian distribution onto the unit circle (Section Wrapped
Normal Distribution), with positive values indicating heavier
tails (green line in Figure 13B) and negative values lighter
tails (red line in Figure 13B) than the wrapped normal, in
agreement with the Euclidean excess kurtosis. For concen-
trated data, the circular kurtosis can be approximated by twice
the Euclidean excess kurtosis,

L9 ~ 28, (33)

with the factor-of-two scaling again attributable to the fact
that circular variance approaches half the Euclidean variance
for concentrated data (Section Circular Variance).

Outlier Classification and Exclusion

As in Euclidean statistics, an outlier in circular data is an
observation that deviates markedly from others. In behavioral
and cognitive research, such values may reflect measurement
errors, misunderstandings of the task, lapses in attention, or
meaningful extreme values. In circular statistics, detecting
outliers requires special care because the ordering of the data
is not unique and minimum and maximum values are not de-
fined. Outliers should be excluded sparingly to avoid biasing
the results. In this section, we briefly survey some methods
for detecting outliers, from formal statistical tests to more
algorithmic classification techniques.

One approach to detecting outliers in circular data is to use
statistical goodness-of-fit tests that check whether the sample
is drawn from an expected distribution. These tests can be
appropriate if researchers have clear expectations about the
data’s distribution based on previous empirical findings or
theoretical considerations. If the data deviate significantly
from an expected distribution, this may indicate the presence
of one or more outliers. Resources on suitable tests are pro-
vided in Section Beyond This Tutorial. While a significant
result suggests the presence of outliers, statistical tests do not
pinpoint which observations might be outliers.

Methods based on descriptive statistics identify outliers by
analyzing how far each observation lies from a central value.
In Euclidean statistics, it is an established approach to base the
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Figure 13
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Note. Circular distributions with different skewness (A) and kurtosis (B). In each panel, distributions have matching circular means and variances. Circular kurtosis and circular
skewness are 0 for all distributions in (A) and (B), respectively. The black curves represent normal distributions wrapped around the circle (see Section Wrapping Euclidean
Distributions). Contrary to the Euclidean equivalent, a positive circular skewness (green in Panel A) indicates that the long tail is in the negative (clockwise) direction from the
mean, whereas a negative value (red in Panel A) indicates a longer positive (counterclockwise) tail.

threshold for outliers on z-scores. For example, outliers are
sometimes defined as values that deviate from the mean by at
least three standard deviations. Analogously, extreme values
in circular space can be excluded using a cutoff of a maximum
deviation from the circular mean in terms of circular standard
deviations. However, outlier values can distort the circular
mean and inflate the circular standard deviation. Therefore,
alternative outlier classification methods use measures that
are more robust against influences from outliers. The median
absolute deviation is a robust measure of spread that can be
used together with the circular median to identify outliers in
circular data. It is calculated by computing the angular dis-
tance of each observation from the circular median, and then
calculating the Euclidean median of those distances. Outliers
can now be defined as values that deviate from the circular
median by the median absolute deviation multiplied by some
factor (e.g., three). While methods based on distance and
deviation provide an intuitive approach toward identifying
concrete outlier candidates, they are sometimes criticized for
being exploratory and subjective.

Another approach to detecting outliers is to identify pat-
terns in the total data, rather than comparing individual data
points to the overall summary. These methods usually employ
clustering and density-based algorithms. Clustering algo-
rithms structure data into subsets, aiming for high similarity
between data points in one cluster and low similarity between
data points of different clusters. If most of the data form
one large cluster and a few points form one or several tiny
separate clusters, those few points can be deemed outliers.
For circular clustering algorithms, see Section Beyond This
Tutorial. While these methods allow for identifying multiple
concrete outlier candidates, their results depend on the choice

of the algorithm and hyperparameters.

Probability Theory and Models for Circular Variables

In this section, we introduce probabilistic foundations and
modeling approaches for random variables in a circular space.
The distribution of a circular random variable can be modeled
by a probability density function (PDF) in a similar way to a
Euclidean variable. The key difference is that a circular PDF
must be periodic, such that f(6) = f(6+2xk) for any integer
k. While a PDF in R' has integral (“area under the curve”)
equal to one over the whole real line (—oo, c0), a valid PDF in
circular space must integrate to 1 over any interval of length
2n. Circular distributions can also be characterized by their
cumulative distribution function (CDF). Given a chosen ref-
erence angle 6y, the CDF is defined as F(0) = fg(: f(¢p) do,
so that F(6g) = 0 and F(0p + 2x) = 1. The CDF can be
constructed over any interval of length 2; thus, the choice
of starting point 8 is an essential part of its specification.

In this section, we will outline population counterparts of
the sample statistics discussed in Section Descriptive Statis-
tics of Circular Data, address the conditions for sample-to-
population convergence in circular space, and describe some
common circular population distributions. We will com-
pare two circular analogs of the Gaussian distribution and
introduce two more flexible families for fitting heavy-tailed
and skewed data. We will examine the properties of circu-
lar random variables in more detail before concluding with
practical guidelines for choosing between circular distribu-
tions and sampling random values from circular distributions.
Throughout this section, our focus will be on continuous dis-
tributions; discussions of discrete or “lattice” distributions
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on the circle can be found in Jammalamadaka and SenGupta
(2001) and Mardia and Jupp (2009).

Population Parameters

As in the Euclidean case, each descriptive statistic for cir-
cular data has a corresponding population parametric form
that can be used to summarize an equivalent aspect of the
theoretical distribution of a random variable (for sample and
population parameter notations, see Table 1). The population
parameters simply replace normalized sums over the n data
points in a sample with expectations or integrals over the
circular space. So the p-th circular moment of a random
variable with PDF f(6) is

m, = Eg[e'P?] = /
4

where the integral can be taken over any interval of length
2r. The arguments u, = arg(m,) and moduli p, = |m,|
provide definitions for the population circular mean u = u;
and population mean resultant length p = p;. Population
circular variance Vjy, standard deviation oy, skewness g,
and kurtosis y,¢ all have definitions that follow from those
of the corresponding sample statistics (Section Descriptive
Statistics of Circular Data).

The circular median discussed in Section Circular Median
is not moment-based. Like the sample version, the pop-
ulation circular median pyeg can be defined in two ways:
first, as an angle that divides the circle into two semicircles
(Mmed — 7, Umed) and (fmed, Umed + /1) that each contain equal
probability mass of 1; second, as an angle that minimizes the
expected circular distance from the random variable,

Hmed = arg ;nin Eg[D(6, ¢)] (35)

Y+2r

P9 £(0) do, (34)

Y+2r
= arg min/ D(6,¢)f(0) db.
o Ju
As for the sample case, the first definition yields at least two
possible solutions; therefore, the second one should be pre-
ferred. Note, however, that for certain distributions, the cir-
cular population median is not uniquely defined, even under
the second definition (e.g., for symmetric, bi-, or multimodal
distributions).

The properties and approximations for concentrated data
described for sample statistics in the preceding section all
generalize to their population counterparts.

Convergence of Sample Statistics to Population Parame-
ters

The trigonometric moments of an independent and identi-
cally distributed (i.i.d.) sample, including the mean resultant
vector, converge to their population counterparts as the sam-
ple size increases (see Section Central Limit Theorem). As

a result, sample statistics that are continuous functions of
the mean resultant vector (circular mean, variance, and stan-
dard deviation) and of higher-order trigonometric moments
(circular skewness and kurtosis) inherit convergence via the
continuous mapping theorem. The only case where conver-
gence of these parameters is not assured is when the true
parameter is not uniquely defined. For example, although we
can calculate the circular mean of a sample drawn from the
circular uniform distribution, the population mean resultant
vector has length 0, so the mean direction is undefined and
the sample mean direction has no population counterpart to
converge to.

For parameters that are not moment-based, the question of
convergence is more complicated. The circular median also
converges when the true value is uniquely defined and the
density around it is well-behaved, that is, continuous and suf-
ficiently smooth (for a detailed discussion, see Purkayastha,
1995). Convergence results for local circular mode estimators
are given in Y. Zhang and Chen (2021).

Wrapping Euclidean Distributions

One approach to modeling circular data is to “wrap” a Eu-
clidean distribution around the circle to construct a wrapped
distribution. For a Euclidean distribution with PDF f(x),
the result of wrapping is a circular PDF that can be written
as the periodic sum fw(6) = X7 _., f(6 + 27k), where the
sum is taken over all integers k € Z. Conveniently, the
circular moments of the wrapped distribution are equal to the
characteristic function of the unwrapped distribution evalu-
ated at integer arguments, for example., the resultant vector
(first circular moment) of a wrapped distribution is given by
m; = ¢(1), where ¢(t) = E[el*] is the characteristic func-
tion of the unwrapped distribution f(x). The characteristic
function also provides an alternative formulation of the PDF
as a Fourier series, which is an infinite sum of sinusoidal
components: fiy(6) = 5= 32 p(t)e 17,

In practice, the infinite Fourier representation of a wrapped
distribution cannot be evaluated exactly and must be approx-
imated by truncating the series to a finite number of terms.
This means evaluating the characteristic function at a limited
set of integer points, which produces a smooth approxima-
tion of the true circular PDF. The resulting approximation
is a finite Fourier series, and its accuracy improves as more
terms are included. For an illustration of wrapping a Gaus-
sian distribution, see Figure 14, where the blue line shows a
Gaussian distribution in Euclidean space and the black line
the same distribution wrapped around the circle. While their
familiarity is appealing, the distributions generated by wrap-
ping are often “false friends,” proving difficult to work with
analytically and lacking in desirable mathematical properties.
More tractable “natively circular” distributions can be defined
directly in circular space using trigonometric functions.
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Figure 14

Wrapping of a Gaussian Distribution
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Note. Colored lines show normal (Gaussian) distributions, with standard deviation o = 2.2, and means centered on integer multiples of 27, that is, u = 27k. The black line
shows the wrapped normal distribution with mean 0 and circular standard deviation 0 equal to o, obtained by summing over all translations (for every integer k in the interval
[-5, 5], including those not shown) of the Gaussian distribution. The wrapped normal distribution is periodic with period 27r. The signed interval [ -7, 77) is highlighted in gray,
displaying one period of the wrapped normal distribution. Dashed gray lines indicate period boundaries.

Circular Uniform Distribution

On the real line, a random variable can have a uniform dis-
tribution only with respect to a particular bounded interval,
with PDF f(x) = b]Tu for x in the interval [a, b) and f(x) = 0
outside it (Figure 15 left). While similar distributions can be
defined that have uniform probability over a specified range of
circular space, the circular uniform distribution describes a
random variable that has equal probability everywhere, with
PDF fy(0) = % for all 6 (Figure 15 right). The circular
uniform distribution has no well-defined mean direction: Its
mean resultant is the zero vector, its circular variance is 1,
and its circular standard deviation is infinite. The circular
uniform distribution has the maximum entropy of any circular
distribution.

Circular Analogs of the Normal Distribution

The normal or Gaussian distribution family is fundamen-
tal in Euclidean space, underpinning many statistical models
due to its well-behaved mathematical properties, including
closed-form expression, defined moments, and closure under
translation, convolution, and scaling. For circular variables,
no single family of distributions possesses all the desirable
properties of the Gaussian, and some of its properties are not
shared by any family of circular distributions. The closest
circular equivalents to the Gaussian are the wrapped nor-
mal distribution and the von Mises distribution (sometimes
referred to as the circular normal).

Figure 15
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Note. (A) Uniform distribution in Euclidean space f (x) over the interval [0, 27).
Note that density is O outside this interval. (B) Uniform distribution in circular space
f(0). Equivalent components are displayed in the same color in (A) and (B).

Wrapped Normal Distribution

Wrapping the Gaussian distribution N (u, o) with mean y
and standard deviation o,

—(x — p)?
202

NG p, o) = exp( ) (36)

no?
onto a unit circle results in the wrapped normal distribution

WN(u, o) with PDF given by

Swn (s, 0)
1 = (—(9 —u+ 27rk)2) (37)
= — exp|l————|.
2no? 202
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The circular mean of the wrapped normal distribution is u and
its circular standard deviation is o~ (as discussed in Section
Circular Standard Deviation, this motivates the definition of
circular standard deviation). Its circular variance is not o2
butl-R=1- exp(*T‘Tz). Its circular kurtosis and skewness
are 0.

For small o, the probability density is concentrated enough
that the circularity of the space becomes irrelevant, and the
wrapped normal PDF approximates the Gaussian PDF with
mean u and standard deviation 0. As o — oo the wrapped
normal distribution approaches the circular uniform distribu-
tion.

One way in which the wrapped normal distribution can
arise is as the result of Brownian diffusion (i.e., accumulation
of Gaussian noise) in an angular variable from starting point
u, where the distribution of the variable at time 7 is wrapped
normal with circular standard deviation proportional to V.
For a visualization of the wrapped normal distribution and its
construction, see Figure 14.

Von Mises Distribution

In practice, the von Mises distribution is often preferred as
the circular analog of the normal distribution on the real line.
The von Mises distribution VM(u, k) has PDF

e exp(kcos (0 -p), (38

1
2nly (K )
where p is the circular mean and « is called the concentra-
tion of the distribution. Comparing the von Mises with the
Gaussian PDF (Equation 36) reveals a very similar functional
form: The concentration parameter « of the von Mises plays
an equivalent role to the inverse variance, or precision, of
the Gaussian distribution #, and a trigonometric measure of
similarity to the mean, cos(6 — u), replaces the term based
on squared error —% (x — u)? (Section Measuring Distance).

The function Iy(-) refers to the modified Bessel function
of the first kind with order 0. Bessel functions are important
mathematically as solutions to certain differential equations,
but here 271y (k) is simply a normalization term that appro-
priately scales the PDF so it integrates to one over intervals
of length 2.

A von Mises distribution with concentration « has circular
variance 1 — p = 1 — Ay (k), with A (k) = 2‘)23, that is, the
ratio of the first- to zeroth-order modified Bessel function of
the first kind. Its circular skewness is 0, but its circular kur-
tosis is greater than O for x > 0, with a peak value of ~0.834
for k ~ 2.71. As k — oo, the von Mises PDF approaches the
Gaussian PDF with mean u and precision ﬁ equal to k. For
k = 0, the von Mises distribution is identical to the circular
uniform distribution.

The von Mises is a member of the exponential family
of distributions, making it particularly suitable for statistical
inference. The maximum likelihood estimator (MLE) of the

location parameter u is the circular mean. In fact, Richard
von Mises originally derived the distribution named after him
as that distribution for which the sample circular mean is the
MLE of location, in the same way as the sample mean is the
MLE for the location parameter of the Gaussian (von Mises,
1918).

The von Mises distribution can also be derived from a
bivariate Gaussian distribution in the real plane R?. The von
Mises PDF is equal to the conditional density of polar angle
6 given unit radial distance p(6|r = 1) for a bivariate normal
random variable with mean on the unit circle, at [cos u, sin u],
equal variances % and zero correlation. This approach can
be extended to define analogs of the von Mises in higher
dimensions, known as von Mises-Fisher distributions: the
von Mises-Fisher PDF in S? is proportional to the restriction
of an isotropic multivariate Gaussian distribution in RP*! to
the unit p-dimensional hypersphere.

Yet another way to obtain the von Mises distribution is
as the hitting point on the unit circle of a two-dimensional
Brownian diffusion (i.e., an accumulation of isotropic Gaus-
sian noise) with constant drift in direction u with velocity «
(Gordon & Hudson, 1977). Extending this principle to higher
dimensions again leads to the von Mises-Fisher distributions.

Comparison of Wrapped Normal and von Mises Families

Figure 16 gives a comparison of the Gaussian, wrapped
normal, and von Mises distributions with mean 0 and matched
(circular) standard deviation (Gumbel et al., 1953). Key
properties of these distributions are summarized in Table 2.
Unlike the wrapped normal PDF, which involves an infinite
sum of Gaussian densities, the PDF of the von Mises distri-
bution has an analytic expression, as do some key quantities
such as Fisher information and entropy (most of these involve
Bessel functions, but most mathematical software packages
have built-in functions for their efficient numerical approxi-
mation).

A family of distributions is closed under convolution if the
sum of two independent random variables from that family
also belongs to the same family (the PDF of the sum is ob-
tained by applying the mathematical operation of convolution
to the PDFs of the two variables). The wrapped normal inher-
its closure under convolution from its Euclidean counterpart,
the Gaussian (Section Sampling Distribution of the Circular
Mean below). However, a number of other properties that
make the Gaussian distribution special are instead possessed
by the von Mises distribution in circular space. Like the
Gaussian, the von Mises is a maximum entropy distribution.
Specifically, among all distributions on the circle with a given
circular mean and variance (or equivalently, a given mean re-
sultant vector), the von Mises distribution has the maximum
entropy. More similarities and differences between these
distributions are described in Section General Properties of
Circular Random Variables.
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Figure 16
Comparison of Gaussian, Wrapped Normal, and von Mises Distributions
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Note. Gaussian, wrapped normal, and von Mises distributions with concentration parameters k = 0.5, 2.0, 5.0. Distributions are matched for (circular) standard deviation, using
o = 4/-2In A (k) to obtain o for the wrapped normal and Gaussian distributions. The wrapped normal PDF is approximated using the sum of the first 10 terms of its Fourier

series. PDF = probability density function.

Table 2

Properties of the Gaussian, Wrapped Normal, and von Mises Distribution Families

Property Gaussian Wrapped normal von Mises

Support x eR! 6es! 6 es!

Parameters M, o2 u, o M, K

Symmetrical v v v

Unimodal v v v

(Circular) mean/median/mode u K L, K

circular moments, m,, (Not applicable) ginu-n=o"[2 e A, (k)2

Mean resultant length, p (Not applicable) e~ Ay (k)2

(Circular) variance o? 1—e 2 1-A1(k)?

(Circular) standard deviation o o V=2InA;(x)*
4

(Circular) kurtosis 3 0 %a

Closed under translation® v v

Closed under scaling® v X X

Closed under convolution® v v X

Fisher information for u # D oo ke ke kA1 (k)?

Entropy (differential) 5 1n (2mec?) (not analytic) In 2nly(k)) — kA1 (k)?

Maximum entropy distribution® v X v

Exponential family v X v

Sufficient statistics

Maximum likelihood estimates
Log-likelihood

Product of PDFs

(%, s2) for (u, o)

% (for p), 5% (for o2)
Quadratic

Scaled Gaussian

(none-finite)

(not analytic)
(not analytic)
(not analytic)

(8, R) for (i, k)

6 (for ), A7 (R) (for )*
Cosine

Scaled von Mises

4 A, (k) is shorthand for the ratio of Bessel functions

of the family.

In ()

Tow b “Closed under X means that applying operation X to any member of the distribution family produces another member

¢ The Gaussian and von Mises distributions have the maximum entropy for a specified mean and (circular) variance.
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Flexible Distribution Families

We next introduce two families of distributions that can
serve as flexible models for circular data that are asymmetric
or heavy-tailed. Both are four-parameter families of distribu-
tions varying in tailedness and skewness as well as location
and scale. The wrapped stable family generalizes the wrapped
normal distribution and retains the property of closure under
convolution, meaning that sums of random variables belong
to the same family. The sine-skewed Jones-Pewsey family
generalizes the von Mises distribution and its PDF has an an-
alytic expression based on trigonometric functions. Particular
attention will be given to the wrapped Cauchy distribution,
which uniquely belongs to both families.

Wrapped Stable Family

A distribution is called stable if linear combinations of ran-
dom variables have the same distribution up to location and
scale. In Euclidean space, stable distributions are important
as they generalize the concept of a central limit distribution
(Section Central Limit Theorem) to include distributions with
nonfinite variance. In a circular space all continuous distri-
butions have finite variance, but wrapping the stable family
provides a flexible model for skewed and heavy-tailed data
that is also closed under convolution. The wrapped stable
PDF can be constructed from its moments, which correspond
to the characteristic function of a general stable distribution
on the real line,

mg = @(k) =
exp (—(ky)® +iké +i[(ky)® — ky]Btan (5a)) fora #1,
{exp (—(ky)" + ik — iky log(ky)ﬁ%) fora = 1,
(39)
fws(0;a,B,7,0)
(40)

= % (1 + Zkz_; |my| cos(k — argmk)) .
The above expressions are referred to as the Sy parametriza-
tion by Pewsey (2008). Note that, despite the piecewise def-
inition, necessary because tan(7) is undefined, the wrapped
stable PDF and moments change smoothly through o = 1.
The mean resultant length is given by p = exp(—y ).

The stability parameter @ € (0,2] controls heaviness of
the distribution tails, skewness parameter 8 € [—1, 1] con-
trols the asymmetry, y is a scale (or dispersion) parameter,
and ¢ is a location parameter. For a = 2, the wrapped stable is
equivalent to the wrapped normal with 4 = § and o = V2y
(Figure 17A). As illustrated in Figure 17B-E, larger |8| in-
creases skewness (for @ < 2), smaller « yields heavier tails,
and higher y leads to greater dispersion.

Figure 17A shows some canonical examples of wrapped
stable distributions. The wrapped normal (o = 2,8 = 0),

the wrapped Holtsmark (¢ = 1.5,8 = 0) and the wrapped
Cauchy (@ = 1,8 = 0) are symmetric cases. The standard
wrapped Levy distribution (@ = 0.5, 8 = 1) is right-skewed
and exhibits extremely heavy tails, making it suitable for
modeling pulse-like behavior on the circle.

Sine-Skewed Jones-Pewsey Family

The Jones-Pewsey family is a generalization of the von
Mises distribution on the circle (Jones and Pewsey, 2005),
which allows for flexible tailedness and, in its sine-skewed
form (Jones and Pewsey, 2012), flexible skewness as well.
The sine-skewed Jones-Pewsey PDF is given by

fssap(0;6, k4, 2)

cosh!/¥ (k) (1 + tanh (k) cos(8 — 6))/¥ (1 + A sin(d — 8))

_ 2mPyyy (cosh (ki)
exp(kcos(6 —6))(1 + Asin(8 - 6))
2l (k)
fory # 0,
fory =0,

(4D
where P, (z) is the associated Legendre function of the first
kind of degree v and order 1, which can also be expressed in
terms of the hypergeometric function  F (—v, v+ 1;1; I%Z)
Despite the piecewise definition, needed to avoid division by
0, the distribution changes smoothly through ¢ = 0, which
corresponds in this case to the sine-skewed von Mises distri-
bution.

The index ¢y € (—co,00) controls the tailedness of the
distribution, A € [-1, 1] controls skewness, « is an inverse
scale (precision) parameter and u is a location parameter.

When ¢ < 0, the distribution has heavier tails than the von
Mises distribution, while ¢ > 0 leads to lighter tails (compare
the wrapped stable family, which contains only heavier tailed
distributions; Figure 17H and 17J). A > 0 leads to right-skew,
and conversely for A < 0; larger values of |1]| lead to stronger
skewness (Figure 17G and 17I).

Figure 17F shows some special cases of the symmetric
Jones-Pewsey family (1 = 0), including the von Mises distri-
bution (with ¢ = 0; mean resultant length is p = A;(k)), the
Cardioid distribution ( = 1; p = tanh(x)), and the wrapped
Cauchy distribution ( = —1; p = tanh(%)).

In general, the analytic form of the Jones-Pewsey family
PDF makes it particularly convenient for modeling and sta-
tistical inference. As for the von Mises distribution, the nor-
malization term of the PDF involves a nonelementary func-
tion, the associated Legendre, but most mathematical soft-
ware packages provide efficient methods for its computation
as a special case of the hypergeometric function. Although
analytically convenient, direct numerical evaluation via the
hypergeometric function becomes unreliable when ¢ is large
and negative. Two practical ways to ensure numerical stability
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Figure 17

Examples of Flexible Distribution Families
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Note. Example distributions from the wrapped stable family (A-E) and the sine-skewed Jones-Pewsey family (F-J). (A) and (F) show special cases of the wrapped stable and
Jones-Pewsey family, respectively. The Cauchy distributions in (A) and (F) are matched in mean resultant length, using y = — In(tanh(% )) to convert the concentration parameter
of the Jones-Pewsey family, «, to the scale parameter of the Wrapped stable family, y. Shapes of the wrapped stable family with changing 8 (B,D) and « (C,E). The PDFs of the
wrapped stable family are approximated using the first 100 terms of the Fourier series. Shapes of the Jones-Pewsey family with changing A (G,I) and ¢ (H.J). Location parameters

6 are 0 in all cases. PDF = probability density function.

in this regime are computing the Legendre term using more
robust algorithms (Gutleb et al., 2022) or bypassing the Leg-
endre representation with a numerical integration approach
(see Appendix D).

Wrapped Cauchy Distribution

The wrapped Cauchy distribution belongs to both the
wrapped stable family (with @ = 1, 8 = 0; Figure 17A)

and the symmetrical Jones-Pewsey family (with ¢y = —1;
Figure 17F). It is closed under convolution like the rest of
the wrapped stable family, but its PDF also has a closed-form
trigonometric expression as part of the Jones-Pewsey family.
Specifically, its PDF can be obtained directly as the wrapping
of the Cauchy distribution onto the circle,
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or equivalently in trigonometric terms as
1 sinh(y)
Jwe(O; 1) = 5= (43)

27 cosh(y) —cos(8 —u)’

It is parameterized by a location y (the mean and center
of symmetry) and a scale y. The mean resultant length of
the wrapped Cauchy distribution is p = e~ and its circu-
lar standard deviation is /2y. Its circular moments are
m, = e =1"¥  Tts differential entropy can be written in
closed form as log(27(1 — e~2¥)). Note that although the
Cauchy distribution on the real line is the classic exemplar of
a “pathological” distribution, with mean, variance, and higher
moments undefined, its circular counterpart retains some of
the heavy-tailedness yet has finite circular moments, making
it more tractable for modeling circular data with heavy tails.

General Properties of Circular Random Variables
Additivity of Mean and Variance

Models of Euclidean random variables often make use of
properties of the mean and variance, such as additivity, that
do not apply or apply differently in circular spaces. The
Euclidean mean or expectation is additive in the sense that
the mean of the sum of any two random variables is equal to
the sum of their means,

E[X +Y] = E[X] + E[Y], (44)

and Euclidean variance is additive in the sense that the vari-
ance of the sum of two random variables is equal to the sum
of their variances, so long as the variables are uncorrelated,

Var[X + Y] = Var[X] + Var[Y] iff X 1L Y. (45)

These properties are key to understanding how variability
from different sources combines and how random noise ac-
cumulates (e.g., in drift-diffusion models; Bogacz et al., 2006;
Ratcliff, 1978). However, caution is required when extrapo-
lating these properties to circular variables (see Smith, 2016
for a diffusion model of circular data).

Circular equivalents to mean and variance are related to the
direction and length of the mean resultant vector, which, for
the angular sum of two independent random variables, is the
product of their individual mean resultant vectors. Asaresult,
the circular mean — although not additive in general — does
have the additive property for variables that are uncorrelated,

pl0+ @] = u[6] + u[¢] (mod 27) if 6 1L 4. (46)

Circular measures of dispersion are related to the mean re-
sultant length, p, for which

pl0+ ¢l =p[0lple] if6 1 ¢, 47)

so p does not have the additive property, and neither does the
circular variance, based on its usual definition Vg = 1 — p.
However, the logarithm of the mean resultant length, log p,
is additive for independent circular random variables, and
(despite not being a usual circular measure of variance) so is
the squared circular standard deviation,

a2[0 + ¢] = *[0] + o*[¢] if6 AL ¢. (48)

A more detailed exposition with derivations can be found in
Appendix E.

Products of Probability Density Functions

Products of PDFs are important in contexts where informa-
tion from different sources is combined. These include max-
imum likelihood estimation and Bayesian inference based
on independent samples drawn from the same distribution,
as well as sensory fusion and cue combination (Trommer-
shauser et al., 2011), where different probabilistic estimates
of a parameter are integrated. These computations take a
particularly simple form for Gaussian variables, because the
product of Gaussian PDFs is proportional to another Gaussian
PDF, with precision ﬁ equal to the sum of the component
precisions, and mean equal to the precision-weighted average
of the component means.

For circular variables, the von Mises distribution pos-
sesses a similar property (Murray and Morgenstern, 2010):
the product of von Mises PDFs is proportional to another
von Mises PDF with mean and concentration determined by
the concentration-weighted resultant vector of the component
mean directions (Figure 18A):

n
I—[ fum(O; wi, ki) = S fym(0; arg 7, 7))
i=1

N I (1{)) @
. i _ ol|r
r = Z Kiée K N S = (27‘[)"‘1 l_li IO(Ki) .

i=1

By contrast, the product of two wrapped normal distributions
does not yield another wrapped normal distribution, although
an approximation based on the Gaussian product formula
holds well for small standard deviations, for example, o < 1
(Figure 18B).

Sums and Differences of Random Variables

The probability distribution of the sum of two independent
random variables Z = X + Y is obtained by convolving their
individual PDFs; the distribution of their difference is ob-
tained by reflecting one of the PDFs about 0, then convolving.
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Figure 18
Products and Convolutions of von Mises and Wrapped Normal PDF's
A 0.4 - von Mises 1 B 04 ~ ——— Wrapped Normal 1
von Mises 2 PSRN ——— Wrapped Normal 2
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Note. (A, B) Products of PDFs of von Mises distributions (A) and wrapped normal distributions (B). Each panel shows two PDFs (red and blue), their normalized product (green),
and the closest match to the normalized product by a PDF from the same family (purple, dashed). Note that the product of two von Mises PDFs (A) is proportional to another von
Mises PDF, whereas the product of two wrapped normal PDFs (B) does not in general correspond to any wrapped normal PDF. Examples shown are VM| (1 = — %, k1 = 0.5)
and VM, (up = % , k2 = 1) and wrapped normal PDFs with matching resultant vectors. (C, D) Convolutions of PDFs of von Mises distributions (C) and wrapped normal
distributions (D). PDFs shown in green are convolutions of red and blue PDFs, and purple is the closest PDF from the same family. Note that the convolution of the two von Mises
distributions (C) is not a von Mises distribution, whereas the convolution of two wrapped normal distributions is another wrapped normal distribution (D). Examples shown are

VM (1 = =%, k1 =2) and VM (12 = %, k2 = 3) and wrapped normal PDFs with matched resultant vectors. Wrapped normal PDFs are approximated using the sum of the

first 10 terms of their Fourier series. PDF = probability density function.

These operations are the same for circular variables, where
the convolution is of their periodic PDFs over (—oo, ). For
Euclidean variables drawn from Gaussian distributions, the
sum is always distributed as another Gaussian: We say the
Gaussian family is closed under convolution. Because con-
volving two wrapped distributions is identical to wrapping
the convolution of the corresponding unwrapped distribu-
tions, the wrapped normal distribution inherits this property
directly from the normal distribution (Figure 18D),

JwN (85 px, 0x) * fwn (05 py, o7y)

= fwN (H;ux + Ly, \JOR+ 03) :

(50)

The von Mises distribution is not closed under convolu-
tion, which means that the sum (or difference) of von Mises
distributed variables is not in general a member of any recog-
nized distribution family (Figure 18C). The PDF for the sum
can be calculated as

Som(O; px, kx) = fum (65 py, ky)
Iy (\/Ki + K3 + 2KxKy COS(0 = (px + Hy))

2rlo(kx)Io(ky).

61V
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Sampling Distribution of the Circular Mean

Because the Gaussian family is closed under both convo-
lution and scaling, the mean of n i.i.d. Gaussian random
variables X = %Zf X; is distributed as another Gaussian
(with the same mean and variance reduced by a factor of
n). This important property is not shared by any family of
circular distributions.

The circular equivalent of the mean is the angle of the resul-
tant vector, the vector sum of the unit vectors corresponding
to individual random variables. In general, the distribution of
the resultant vector angle cannot be obtained independently
of its length. The only exception is the circular uniform
distribution (Kent et al., 1979), for which the distribution
of the resultant angle @ of ii.d. samples is, trivially, also
circular uniform. For two samples from the circular uniform
distribution, the distribution of resultant length R is

h(R) = for R € [0,2). (52)
V4 - R?
For three or more samples, the distribution #,, of resultant
length quickly becomes intractable and can only be approxi-
mated with numerical methods. An approximation for large
n is given in terms of the chi-squared PDF by

hn(R) ~ %Rf)(z (%RZ;Z) ) (53)

For the von Mises distribution, the circular mean of i.i.d.
samples is not von Mises distributed, but it can be described
as a mixture of von Mises distributions with different con-
centrations. Specifically, for n samples from VM (u, ), the
conditional distribution of resultant angle @ for a given resul-
tant length R is von Mises, with concentration proportional
to R,

p(OIR) = fum(0; 1, kR). (54)

Informally, when the sample directions are similar (large R),
their mean 6 tends to be close to the distribution mean, g,
while when the samples are widely dispersed, the sample
mean is too. This contrasts with the Gaussian distribution,
for which the sample mean is independent of the sample
standard deviation.

The distribution of resultant length is related to the equiv-
alent distribution for the circular uniform by

_ Io(KR)
 Io(k)"
The distribution of the circular mean (the marginal distribu-

tion of resultant angle) can then be obtained as the mixture
density

p(R) hu(R). (55)

p(6) = /0 p(BIR)p(R) dR. (56)

For the wrapped normal, the circular mean of i.i.d. sam-
ples does not have any recognized distribution, even when
conditioned on resultant length.

Central Limit Theorem

The central limit theorem (CLT) states that, under quite
general conditions, the sum or mean of a sample of Euclidean
random variables converges to a normal (Gaussian) distribu-
tion as the number of observations in the sample grows, even
if the individual observations do not come from a normal
distribution. This fact is often called upon to justify the use
of the normal distribution family as a default model for a
wide range of behavioral and neural observations, and also
underlies many parametric statistical tests. Analogous results
to the CLT for circular variables are therefore of considerable
interest; however, the topic is complex.

In circular spaces, the limiting distribution depends on pre-
cisely what operation is performed on the random variables.
It should be plain that the angular sum of increasingly many
independent circular random variables, regardless of their in-
dividual distributions, will in general grow in dispersion and
ultimately converge to the circular uniform distribution. Of
more interest is the limiting distribution of the mean resultant
vector, the direction of which is the closest circular analog of
the Euclidean mean. For i.i.d. circular variables, the mean
resultant vector converges to a bivariate Gaussian centered on
the mean resultant vector of the distribution they are sampled
from, and with covariance that can be calculated from its first
two circular moments (Jammalamadaka & SenGupta, 2001,
Section 3.4). In particular, if that distribution is symmetri-
cal, the bivariate Gaussian is uncorrelated, so the tangent of
the resultant direction converges to a Gaussian distribution.
If the distribution of resultant direction is narrow enough
(which it will be for sufficiently large numbers of samples, as
long as they are not uniformly distributed), then it will have
approximately the same distribution as its tangent.

Based on this, we can deduce that the limiting distribution
of the circular mean of symmetrically distributed circular
random variables is approximately Gaussian in shape. Un-
fortunately, this is not sufficient to identify a specific circular
distribution. In particular, both wrapped normal and von
Mises PDFs converge to Gaussian as their width approaches
0, so we cannot identify either of these circular analogs of the
Gaussian as the unique limiting distribution.

An Equivalent of the Cramér-Rao Bound

The Cramér-Rao Bound (CRB; Rao et al., 1945) is an im-
portant result in estimation theory; it describes a limit on the
precision of a point estimator 8(X) of an unknown parameter
6 € R! based on data X with likelihood function p(x|6). For
an unbiased estimator, that is, one with expectation equal to
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the true parameter, E[é] = 6, the CRB can be expressed as

Var[0] (57)

s
T I1(6)°
where the Fisher information 7 (6) is defined as 7(6) =
Var[% log p(x|6)] = —]1-3‘.[5,;9—;2 log p(x|6)]. An unbiased es-
timator that achieves this bound is said to be efficient (an
example is the MLE of the mean based on i.i.d. samples
drawn from a normal distribution).

An equivalent of the CRB for an estimator §(X) of a circu-
lar parameter # € S! that is unbiased in the sense of having a
circular mean equal to 6 (or equivalently, E[sin(d — 6)] = 0)
is given by

Var([sin (6 — 6)] S 1
PP IO}

(58)

where p, is the mean resultant length of 6 (Mardia, 1975).
Note that the left-hand side of this equation differs from the
definition of circular variance, 1 — p 4. However, it can equiv-
alently be written in terms of the first and second circular
moments of 8, as

_ L= m

) 59
2|m|? 69

which is an alternative measure of variability for circular vari-
ables, defined as the circular dispersion by Mardia and Jupp
(2009, Section 3.4.2). The bound is met in the circular case if
and only if -2 log p(x|6) o sin(# - 6), that is, if the likelihood
is von Mises. An example is the MLE of the circular mean
based on i.i.d. samples from a von Mises distribution with
known concentration x > 0.

Choosing an Appropriate Circular Distribution

After being introduced to a range of established circular
distribution families and their properties, the reader should
now be able to choose suitable distributions when building
statistical models of circular data. If the data come from a
source with no directional bias, the circular uniform distri-
bution should be used. If not, two criteria can be employed
for selecting one of the distribution families discussed above:
first, whether the data can be expected to have an approxi-
mately normal distribution; second, whether the purposes of
analysis better suit the properties of wrapped distributions
or those defined intrinsically on the circle. If a normal dis-
tribution can be assumed (based on inspection or because
the conditions described in Section Central Limit Theorem
are met), then the von Mises or the wrapped normal is ap-
propriate; if not, and assuming the data are nonetheless ap-
proximately unimodal, the Jones-Pewsey or wrapped stable
should be chosen for their ability to capture asymmetry and
tailedness of data. Wrapped distribution families are more

appropriate for data obtained by wrapping Euclidean random
variables or when the analysis involves addition or subtraction
of circular variables (because these families are closed under
convolution). Distributions that are defined intrinsically on
the circle are appropriate if the reader needs an analytically
and computationally tractable model for statistical inference,
such as MLE or Maximum A Posteriori (MAP) estimation,
or if they want a closed-form PDF, entropy or Fisher infor-
mation. If theoretical and practical considerations do not
identify a single distribution family, we recommend selecting
based on how well the different possible distributions fit the
data, noting, however, that differences in fit between wrapped
and intrinsically circular distributions are typically small.

Sampling Random Values From Circular Distributions

Sampling from circular distributions is essential for gen-
erating synthetic data and experimental stimuli and for use in
simulations and model recovery. For wrapped distributions,
the usual method is to draw samples from the corresponding
distribution in Euclidean space and then wrap the generated
random values onto the circle. Distributions that are defined
intrinsically on the circle require different sampling meth-
ods. For the von Mises distribution, the rejection sampling
algorithm introduced by Best and Fisher (1979) has become
the standard. This method samples values from an auxil-
iary distribution on [0,27) whose density is proportional
to exp (k cos @) (a distribution closely resembling the von
Mises), and then uses a rejection criterion to ensure that
accepted samples exactly follow the von Mises distribution.
This algorithm is implemented, for example, in the function
rvmin the R package CircStats (Lund & Agostinelli, 2002)
and in scipy.stats.vonmises.rvs in the Python library
SciPy (Virtanen et al., 2020).

More generally, inverse transform sampling provides a uni-
versal framework for generating random variables from any
continuous distribution with a known CDF: generate a ran-
dom value U from a uniform distribution in the interval [0, 1],
and return the smallest number X for which F(X) > U, where
F is the CDF of the target distribution. This method can be
used for sampling from circular distributions with the CDF
defined over any specified interval of length 2.

Beyond This Tutorial

This tutorial was intended to provide a practical founda-
tion in circular statistics tailored to behavioral and cognitive
research. For a comprehensive mathematical introduction to
the topic, see the foundational textbooks by Mardia and Jupp
(2009) and Jammalamadaka and SenGupta (2001). In this
section, we briefly outline topics that we did not cover in the
tutorial and point to recommended resources.

This tutorial did not cover circular inferential statistics.
A wide range of tests assess whether circular data deviate
from expected distributions — for an accessible overview,
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see Landler et al. (2018). For an introduction to circular-
circular correlations, refer to Jammalamadaka and SenGupta
(2001, Chapter 8) and Mardia and Jupp (2009, Chapter 3.5.2).
There are circular versions of many of the familiar tests for
comparing samples. These include the Watson—Williams
Test (a circular equivalent to the two-sample two-sided t-test;
Watson and Williams, 1956), analyses of variance (ANOVA;
Harrison et al., 1986), and multivariate analyses of variance
(MANOVA; Landler et al., 2022). Landler et al. (2021) evalu-
ate different statistical tests comparing two independent sam-
ples of circular data in terms of Type-I error rate and statistical
power. Tasdan and Yeniay (2018) discuss Bonferroni correc-
tions for circular data. For regression models of circular
variables with circular predictors, there are methodological
guidelines for frequentist (p-value) tests (Downs, 2002; Jam-
malamadaka & SenGupta, 2001, Chapter 8; Cremers et al.,
2020), and Bayesian statistics (Jha & Bhuyan, 2021). For a
review of methods for principal component analysis of circu-
lar and higher-dimensional directional data, we recommend
Nodehi et al. (2026).

Clustering algorithms offer a way to identify subgroups
or outlier candidates based on angular proximity. There
are circular versions of many established clustering algo-
rithms, including circular versions of k-means (Charalam-
pidis, 2005), fuzzy c-means (Kesemen et al., 2016), and the
machine-learning algorithm mean-shift (Y. Zhang & Chen,
2021). Machine learning methods have also been adopted to
predict (Lang et al., 2020) and simulate (Wessel et al., 2026)
circular variables.

Some specific cases of circular data require special consid-
erations to avoid biases and distorted results. While this tu-
torial focused on continuous circular variables, treating non-
continuous data as continuous can substantially bias results
(Mardia & Sriram, 2023), even with a fine-grained scale such
as rounding to the nearest full degree (Landler et al., 2019).
Mardia and Sriram (2023) introduce different families of cir-
cular discrete distributions, including the circular lattice dis-
tribution, which is defined over a finite set of equally spaced
points on a circle (Mardia & Jupp, 2009, Chapter 3.5.2). For
the classification and time-series modeling of ordinal circu-
lar data, refer to Gehlot and Laha (2025) and Jha and Biswas
(2018), respectively. Adaptations for grouped or rounded
data of tests that assess whether circular data deviate from
expected distributions are discussed by Jammalamadaka et
al. (2024) for uniformity testing and by Landler et al. (2020)
for testing against expected distributions in general.

Incomplete or nonuniform sampling can also bias results;
for instance, if a variable is collected only during a con-
strained time window of a 24-hour cycle (e.g., during day-
time). Alsammani et al. (2024) discuss methods to mitigate
these measurement biases. For the analysis of circular longi-
tudinal and time-series data, some special considerations are
warranted. Refer to Artes and Toloi (2009), Fisher and Lee

(1994), Nufiez-Antonio and Gutiérrez-Pefia (2014), and Zhan
et al. (2025) for guidelines on time-series modeling, as well
as to Abuzaid et al. (2014) for outlier-classification methods
in circular time-series models.

Other forms of data closely related to circular data are
also relevant for specific topics in behavioral and cognitive
research but go beyond the scope of this tutorial. Cylindri-
cal data comprise a circular component and a linear compo-
nent. Cremers and Klugkist (2018) provide an introduction
to cylindrical data in behavioral research. For an introduction
to circular-linear correlations, refer to Jammalamadaka and
SenGupta (2001, Chapter 8) and Mardia and Jupp (2009,
Chapter 3.5.2). For regression models of circular variables
on linear predictors, there are methodological guidelines for
frequentist statistics (Fisher & Lee, 1992; Jammalamadaka
& SenGupta, 2001, Chapter 8; Cremers et al., 2020), as
well as Bayesian statistics (Cremers et al., 2018; Mulder &
Klugkist, 2017). For perspectives on directional data analysis
that include spherical and higher-dimensional data, refer to
Fisher et al. (1993), Mardia and Jupp (2009), and Pewsey and
Garcia-Portugués (2021).
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Appendix A
List of Symbols
Table A1
List of Symbols
Symbol Description
RP p-dimensional Euclidean space.
SP p-dimensional directional space.
st Circular (one-dimensional directional) space.
x,y (Set: X,Y) Random variables.
6 (Set: ®) Polar angle on a circle.
[x,¥] Pair of rectangular coordinates. Used to represent circular values in a Cartesian
coordinate system.
(r,0) Polar vector representation. r is the radial coordinate, indicating the length of the
vector; 6 is the angular coordinate, specifying the direction of the vector.
o The origin, i.e., point where all coordinates are 0, e.g., [0, 0] in RZ,
i The imaginary unit, V—1.
Z A unit complex number.
®and © Modular addition and subtraction in a circular space.
D(0, ¢) Circular distance between the angles 6 and ¢.
K Concentration parameter of a von Mises distribution (% is analogous to o).
o? Euclidean population variance.
m, p-th circular moment of a sample.
R Resultant vector of a sample.
m Sample mean resultant vector, i.e., sample-size—adjusted resultant vector.
R The resultant length of a sample, i.e., the length of the resultant vector.
R Sample mean resultant length, i.e., the length of the mean resultant vector.
0 Sample circular mean.
Omed Sample circular median.
O mode Sample circular mode.
‘73 Sample circular variance.
Y Sample circular standard deviation.
g Sample Euclidean skewness.
S Sample circular skewness.
by Sample Euclidean kurtosis.
2 Sample Euclidean excess kurtosis.
209 Sample circular kurtosis.
mp p-th circular moment of a population.
m Population mean resultant vector.
u Population circular mean.
Hmed Population circular median.
HMmode Population circular mode.
Vo Population circular variance.
o9 Population circular standard deviation.
Y10 Population circular skewness.
V20 Population circular kurtosis.
P Population mean resultant vector length.
Ok Characteristic function of a distribution.
(e, o) or N(u, o7?) The Gaussian (normal) distribution.
fu(6) The circular uniform distribution.
fum(0; i, k) The von Mises distribution (circular normal).
fwn(O; u, o) The wrapped normal distribution.
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Symbol

Description

Swe (65 1, y)
fWS(e’ (Y,ﬂ, v, 6)

Sssp (056, k, 4, A)

In(x)
An(k)
E[X]
Var[ X]
Z(0)

The wrapped Cauchy distribution with scale parameter y.

The wrapped stable family with stability parameter «, skewness parameter 8, scale
parameter vy, and location parameter J.

The sine-skewed Jones-Pewsey family with location parameter §, concentration «,
shape parameter i, and skewness parameter A.

The modified Bessel function of the first kind of order n.

The ratio of Bessel functions 2‘) ((;':)) .

The expectation of random variable X.

The variance of random variable X.

Fisher information of a circular variable 6.
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Appendix B
List of Abbreviations
Table B1
List of Abbreviations

Symbol Description
ANOVA Analysis of variance
a.u. Arbitrary units
CDF Cumulative distribution function
CLT Central limit theorem
CRB Cramér-Rao Bound
eCDF Empirical cumulative distribution function
EEG Electroencephalography
ePMF Empirical probability mass function
Hz Hertz; unit for frequency, measuring cycles per second
ii.d. Independent and identically distributed
IPC Interpersonal Circumplex
LFP Local field potential
MANOVA Multivariate analyses of variance
MAP Maximum A Posteriori (estimation)
MLE Maximum likelihood estimator
Ml Primary motor cortex
PDF Propability density function
PMF Probability mass function
PSTH Peristimulus time histograms
Q14 Quartile one to four
rad Radians
Vi Primary visual cortex
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Appendix C
Sampling Circular Values With Minimum Separation
Sampling values from a circular uniform distribution while enforcing a minimum angular separation between samples can be
achieved using the following algorithm. The function takes as input the number of samples N, the minimum angular separation
minDistance, and the lower and upper bound of the circular space.

Algorithm 1 RandMinDistance (N, minDistance, lower, upper)

Require: Number of samples N, minimum separation minDistance
if lower, upper is undefined then

2 lower < —m, upper < & » default circular range
3: end if

4: range « upper — lower

5: | « range — N X minDistance
6

7

8

—_

: if [ < 0 then
. error: “Range too small to draw N samples with given minimum distance.’
: end if
» Generate N random values within the remaining free length
9: fori=1to N do
10:  r[i] « Uniform(0, /)
11: end for
12: (s,idx) « Sort(r) » Sort and save original indices
» Enforce minimum distance
13: fori =1to N do
14:  s[i] « s[i] + (i = 1) x minDistance
15: end for
16: r « Order(s, idx) » Restore original order (optional)
» Apply global random rotation and wrap onto the circle
17: u « Uniform(0, range)
18: fori=1to N do
19:  r[i] < lower + ((r[i] + u — lower) mod rangeLength)
20: end for
21:
22: return r

5

First, this algorithm computes the total free length available after enforcing the minimum spacing requirement. It
then samples N random values within this remaining space. After sorting the samples, a minimum separation of at least
minDistance of adjacent values is ensured by applying a cumulative offset of (i — 1) X minDistance. Optionally, the original
order of the values can be restored — for instance, when experimental stimuli are presented sequentially and should not appear
in a sorted order. Finally, the list of values is rotated by a random offset and wrapped back onto the circular range, yielding a
uniform random arrangement of points while ensuring the specified minimum separation.

The separation constraints and the maximum number of samples are inversely related: for a minimum separation

distance A,,;,, the number of samples n is constrained by n < lAL‘J' Once the separation constraints are specified, angular
distance (Section Measuring Distance) can be computed pairwise to all data points to verify that every pair of circular

observations meets the requirements.
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Appendix D
Jones-Pewsey PDF via Numerical Integration
In Equation 41, the normalizing constant of the Jones—Pewsey distribution is expressed as an associated Legendre function,
which becomes numerically unstable when i is large and negative. The algorithm below avoids this by computing the density
using numerical integration of the kernel and working in log space to prevent floating-point overflow. When ¢ = 0, the
distribution reduces to the von Mises and its analytic normalizing constant is used instead.

Algorithm 2 JonesPewseyPDF (0, u, k, i)

Require: Angles 0, location parameter u, concentration «, shape parameter ¢
1: if || < 1076 then

2:  feexp(kxcos(0—p)) /2xnrXx (k) » Special case: von Mises
3: else

4:  core « cosh(k X ) + sinh(k X ) X cos(0 — u) » Compute kernel argument at each angle
5:  if core < 0 for any 6 then

6: error: “Non-positive JP kernel; check parameter regime.”

7:  endif

8 logg « — xlog(core) » Compute log-kernel
9: logg « logg — max(logg) » Subtract maximum for numerical stability
10: g «—exp(logg) » Transform to linear scale
11:  f « g / trapezoidallntegral(6, g) » Normalize numerically
12: end if
13: return f

To calculate the sine-skewed Jones-Pewsey distribution, using the same approach, the following wrapper function can
be used:

Algorithm 3 SineSkewedJonesPewseyPDF (0, u, k, ¥, 1)

Require: Angles 6, location parameter u, concentration «, shape parameter ¢, skewness 4 € [—1, 1]

11 fiym < JonesPewseyPDF(0, u, «, /) » Evaluate Jones—Pewsey base density
20 f e (1+Axsin(0 = u)) X fsym » Apply sine-skewing
3: f « f / trapezoidallntegral(6, f) » Renormalize numerically (safeguard)

4: return f
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Appendix E
Additivity of Mean and Variance
The Euclidean mean or expectation is additive in the sense that the mean of the sum of any two random variables is equal to
the sum of their means,

E[X + Y] = E[X] + E[Y], (E1)

and Euclidean variance is additive in the sense that the variance of the sum of two random variables is equal to the sum of their
variances, so long as the variables are uncorrelated,

Var[X + Y] = Var[X] + Var[Y] + 2Cov[X, Y]

: (E2)
= Var[X] + Var[Y] if X L Y

Circular equivalents to mean and variance are related to the direction and length of the mean resultant vector, which
for the angular sum of two variables 6 and ¢ is given by

mosy = B[99)] = E[¢l?¢?]

= E[¢'?]E[¢'?] + Cov[e'?, ¢'?] (E3)

=mgmyey iff 0 1L ¢.
that is, the mean resultant vector of the sum of two independent random angles is the product of their individual mean resultant
vectors.

We confine ourselves now to the case of independent 6 and ¢. The circular mean is the direction or argument of the

mean resultant vector,
argme.g = arg(meomey)
argmg +argmg (mod 2r) (E4)
ul0] +ulgl  (mod 2r)

ulé + ¢l

using arg(zjzp) = arg z; +arg zp for any complex z, z2. In other words, the circular mean is additive for independent variables.
Circular measures of dispersion are related to the mean resultant length,

plO+ @] = Imosgl = Imomy| = Imollmg| = p[0]p[¢] (E5)

using |z1z2| = |z1l|z2| for any complex z;, z2. In other words, the mean resultant length does not have the additive property,
and by extension neither does the circular variance, based on its usual definition Vy = 1 — p. However,

log p[6 + ¢] = log p[6] + log p[4] (E6)

that is, the logarithm of mean resultant length is additive for independent circular random variables. Based on the definition of
circular standard deviation,

o9 = \-2logp = o} =-2logp (E7)
it follows that squared circular standard deviation is also additive for independent variables,

o0+ @) = oi0] + ollg] if6 1L ¢ (E8)
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